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GEOMETRICAL STRUCTURES ON THE PROLONGATION OF A PRE-LIE
ALGEBROID ON FIBERED MANIFOLDS AND APPLICATION TO FOLIATED
ANCHORED BUNDLE
F. Pelletier1
Abstract. A pre-Lie algebroid is an anchored bundle provided with an almost Lie bracket such that the
anchor is compatible with the Lie bracket of vector fields. We firstly show how most geometrical structures
intensively studied in the framework of Lie algebroid can easily be extended in the pre-Lie algebroid context.
The principal purpose of this paper is to show that how all these results only depend of the foliated structure
and do not depend of the pre-Lie algebroid structure that we can put on a foliated anchored bundle. As
application, we obtain a Finsler connection on a foliated anchored bundle which induces the classical Finsler
connection on each leaf and a similar result for the Chern connection.
Mathematics Subject Classication 2000: 17B66, 53C05, 93B05.
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1. Introduction
The geometry of second order differential equations on a manifold is closely related to the geometry of
nonlinear connections. If S is semispray there exists a canonical nonlinear connection NS associated with S.
Such a construction were firstly introduced by M. Crampin [9] and J. Grifone [24]. On the other hand if g
is a metric on the vertical tangent bundle, we can associate to the pair (S, g) a metric nonlinear connection.
Using this nonlinear connection NS , we determine the whole family of metric nonlinear connections that
correspond to the pair (S, g). Moreover under regularity conditions for a Lagrangian L we can associate a
symplectic form on the tangent bundle and a metric on the vertical tangent. Then, in this case, the canonical
nonlinear connection, which can be associated with the Euler-Lagrange equations, is the unique nonlinear
connection which is compatible with the metric and symplectic structure ([7]). Generalization of these results
in the context of the prolongation of a Lie algebroid on itself or its dual has been the subject of an intense
activity of research (Among a full of papers see for instance [60], [33], [8], [21], [56] and references inside).
We show that these results can be generalized in the framework of the prolongation over a fibered manifold
of a pre-Lie algebroid i.e. an anchored bundle provided with an almost Lie bracket such that the anchor
is compatible with the Lie bracket of vector fields (see section 2.1 for a definition Remark 2.1.1 about this
terminology)).
More precisely, as it is well known, given an anchored bundle (A,M, ρ) and π :M→M a fibered manifold,
we can defined the prolongation of A i.e. a vector bundle TM → M and an anchor ρˆ : TM → TM. If
moreover (A,M, ρ, [ , ]A) is a pre-Lie algebroid, the almost Lie bracket [ , ]A on A can be prolonged to an
almost bracket [ , ]P on TM so that (TM,M, ρˆ, [ , ]P) is again a pre-Lie algebroid. Note that for any
pre-Lie algebroid (A,M, ρ, [ , ]A) the range ρ(A) defines a Stefan-Sussmann foliation on M and then we get
also a Stefan-Sussmann foliation on M.
In this situation we can look for Euler section, almost tangent and almost cotangent structures, semisprays,
nonlinear connections and their relative properties. As in classical Lie algebroid framework we can generalize
the notion of nonlinear connection associated with a semispray on TM and also associate to a regular (even-
tually local) Lagrangian L on M a unique nonlinear connection NL which is compatible with respect to the
metric and a symplectic structure also canonically associated with L. Moreover, when M is an open subset
of A, then L induces a regular Lagrangian LN on any leaf N of the foliation defined ρ(A) and NL induces
on N the unique nonlinear connection NL which is compatible with respect to the metric and symplectic
structure associated with LN . In fact all these data on each leaf N do not depend on the initial choice of
the almost Lie bracket [ , ]A on A (such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid). Moreover, a curve is a
locally minimizing geodesic for the (global) Lagrangian L if and only if it is a locally minimizing geodesic in
some leaf N of LN .
In the particular case where L =
1
2
F2 where F is a (partial) Finsler metric on M, these connections NL
and NLN are the Finsler connections on M and on N respectively. Moreover, we can also define a Chern
connection associated with L which also induces the Chern connection associated with LN on N .
Now to an anchored bundle (A,M, ρ) is associated the module of vector fields generated by the module
{ρ(s) : s section of A}. When this module is involutive it generates an integrable distribution ρ(A) in the
sense of Stefan-Sussmann and then (A,M, ρ) is called a foliated anchored bundle. We show that (A,M, ρ)
foliated anchored bundle if and only if A can be provided with a pre-Lie algebroid structure. This implies
that the previous results (in particular the results about Finsler geometry) depend only of the foliated anchored
bundle (A,M, ρ) and so are independent of the pre-Lie structure (A,M, ρ, [ , ]A) we can put on (A,M, ρ).
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A brief of outline of this paper is as follows. Each section begins with a short abstract of the context and
results developed inside.
the second section is devoted to the classical framework of the prolongation of a pre-Lie algebroid over a
fibered manifold and the notion of Euler section.
We give results about relations between integrable distributions and foliated anchored bundles and pre-Lie
algebroids in section 3. We look for the specific case of the prolongation of a foliated anchored bundle at the
end of this section .
The section 4 is devoted to the introduction of geometrical objets like almost tangent structures, almost
cotangent structures, semisprays and the relative properties between these data.
We develop the framework of nonlinear connection and semispray in the context of pre-Lie algebroid in
the section 5 and then we give some links between nonlinear connections, semisprays and almost tangent
structures or Euler sections.
The essential results about Lagrangian metric connections and semispays are contained in Section 6. In
particular, in this section one can find the characterization of the unique Lagrangian metric connection
associated with a semi-Hamiltonian almost tangent structure (see Theorem 6.3.1) which generalizes such a
classical result about regular Lagrangian ( see for instance [46]). We end this section by an application to
mechanical systems.
In section 6 we discuss the problem of minimization of a convex Lagrangian and look for characterization of
extremals and minimizers in terms of Hamiltonian framework. This section also contains the essential results
about the induced structure of extremals and nonlinear connection on each leaf of the foliation defined by
the anchor (see Theorem 7.3.1).
The previous results are applied to the context of partial Finsler geometry in the last section.
2. Prolongation of a pre-Lie algebroid over a fibered manifold
In this section we recall the context and the essential properties about almost Lie algebroids in reference
to a plentiful literature about Lie algebroid structure (see for example [8], [21], [23], [31], [36], [37], [48] and
all references inside these papers).
2.1. Almost Lie bracket.
Let M be a paracompact connected manifold of dimension n. We denote by C∞(M) the ring of C∞
functions onM and by Ξ(M) the C∞(M)-module of smooth vector fields onM . We consider a vector bundle
τ : A →M over M of rank k and Ξ(A) the C∞(M)-module of sections of A.
An A-tensor of type (h, l) will be a smooth section of the associated
⊗hA⊗lA∗.
An anchor is a bundle morphism ρ : A → TM . In this case the triple (A,M, ρ) is called an anchored
bundle. Given an anchored bundle (A,M, ρ), a curve c¯ : I ⊂ R → A is called an admissible curve if there
exists a curve c = I →M such that:
τ(c(t)) = c(t) and c˙(t) = ρ(c¯(t)) for any t ∈ I.
An almost Lie bracket on an anchored bundle (A,M, ρ) is a bilinear map [ , ] : Ξ(A) × Ξ(A) :→ Ξ(A)
which satisfies the following properties:
• [ , ] is antisymmetric;
• the Leibnitz property: [X, fY ] = f.[X,Y ] + df(ρ(X)).Y, ∀X,Y ∈ Ξ(A).
A Lie bracket is an almost Lie bracket which satisfies:
• the Jacobi identity: [X, [[Y, Z]]A + [Y, [[Z,X ]] + [Z, [[X,Y ]] = 0, ∀X,Y, Z ∈ Ξ(A).
An almost Lie algebroid is an anchored bundle (A,M, ρ) provided with an almost Lie bracket [ , ].
Such a structure is denoted by (A,M, ρ, [ , ]). When [ , ] is in fact a Lie bracket the associated structure
(A,M, ρ, [ , ]) is called a Lie algebroid. In this case, ρ : Ξ(A) → Ξ(M) is a Lie algebra morphism and,
in particular, ρ is compatible with the brackets on A and TM i.e. [ρX, ρY ] = ρ([X,Y ]A). Note that in
general such a compatibility does not imply the Jacobi identity for [ , ]A (take ρ ≡ 0 for instance). If we
have [ρX, ρY ] = ρ([X,Y ]A) for all sections X,Y ∈ Ξ(A) we will say that ρ is a Lie morphism. In this case
(A,M, ρ), [ , ]A) is called a pre-Lie algebroid.
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Remark 2.1.1.
(1) If [ , ] is an almost Lie bracket on A, for any skew-symmetric A-tensor Θ of type (2, 1), [ , ]′ = [ , ]+Θ
is also an almost Lie bracket on A.
(2) Since the terminology of almost Poisson bracket seems generally adopted in the most recent papers on
nonholonomic mechanics, in our work, we have used the definition of an almost Lie algebroid given in
[31]. Moreover many classical geometrical objets like ”almost tangent structure”, ”almost cotangent
structure”, ... need only an almost Lie bracket in the framework of mechanics. It is the reason why
this terminology seems us to be well adapted. However, on the one hand, in [50], the term ”algebroid”
will designate an almost algebroid such that the anchor is compatible with the Lie bracket of vector
fields and on the other hand, in [48] or in [20] such a structure is called an almost Lie algebroid. In
a recent preprint [61] such a structure is called a pre-lie algebroid. It is the reason why we adopt the
terminology of ”pre-Lie algebroid” to avoid any previous ambiguity.
On an anchored bundle (A,M, ρ), there always exists an almost Lie bracket: let ∇ be a linear connection
on A then we get an almost Lie bracket [ , ]∇ defined by
[ , ]∇ = ∇ρXY −∇ρYX.
More generally, an A linear connection ∇ on an anchored vector bundle (A,M, ρ) is a
R-bilinear map ∇ : Ξ(A) × Ξ(A)→ Ξ(A) such that
∇fXY = f∇XY and ∇XfY = df(ρX)Y + f∇XY
for all functions f and all X,Y ∈ Ξ(A).
Given a A linear connection on A for any X,Y ∈ Ξ(A), again we get an associated almost Lie bracket
[ , ]∇ defined by
[X,Y ]∇ = ∇XY −∇YX.
Proposition 2.1.1.
The set C (resp L) of A linear connections (resp. of almost Lie brackets) on an anchored bundle (A,M, ρ)
has a structure of affine space modeled on the vector space of tensors A-tensors of type (2, 1) (resp. tensors
A-tensors antisymmetric of type (2, 1)). Moreover the map T : ∇ → [ , ]∇ is an affine surjection C to L.
Proof.
The first affirmation is clear. Fix some A linear connection ∇0 and set [ , ]0 = [ , ]∇0 the associated almost
Lie bracket on (A,M, ρ). Given any ∇ ∈ L we set D = ∇−∇0, then T(∇) = [ , ]∇ is characterized by
[X,Y ]∇ = [X,Y ]0 +D(X,Y )−D(Y,X).
Therefore T is an affine map. Now, given any almost bracket [ , ] set T = [ , ]− [ , ]0 then ∇ = ∇0 +
1
2
T is
a linear connection such that T(∇) = [ , ]. 
Let (x1, . . . , xn) be a system of local coordinates on M defined on a chart domain U and {e1, . . . , ek} a
local basis of A on the same domain (after restriction if necessary). Then u = (x, a) ∈ A can be written
a = yαeα and we have:
ρ(eα) = ρ
i
α
∂
∂xi
and [eα, eβ] = C
γ
αβeγ .
We denote by τ∗ : A∗ →M the dual bundle of τ : A →M , and ρ∗ : T ∗M → A∗ the transposed morphism.
This gives rise to the almost differential of a function f :M → R: dAf = ρ∗ ◦ df .
The almost exterior differential dAω ∈ Λk+1A∗ is characterized by:
dAω(X0, · · · , Xk) =
k∑
j=1
(−1)jLAXjω((X0, · · · , , Xˆj , · · · , Xk))
−
∑
0≤i<j≤k
(−1)i+jω([Xi, Xj ]AX0, · · · , Xˆi, · · · , Xˆj, · · ·Xk),
for k > 0 and for k = 0 it is the almost differential of a function.
Moreover (A,M, ρ, [ , ]A) is a Lie algebroid if and only if dA ◦ dA = 0. Of course this no more true if the
Lie bracket does not satisfy the Jacobi identity. However (A,M, ρ, [ , ]A) is a pre algebroid if and only if
dA ◦ ρ∗df = 0 for all f ∈ C∞(M).
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As classically, the inner product iaω ∈ Λk−1A∗ is the contraction of ω by a ∈ A. The Lie derivative along
X ∈ Ξ(A) is then defined by LAX = iX ◦ d
A + dA ◦ iX .
As in classical differential geometry on a manifold, we can define the Froˆlicher-Nijenhuis bracket and the
Schouten bracket for A-tensors (see [22]).
2.2. Almost Poisson bracket and almost Lie bracket.
An almost Poisson bracket is a map { , } : C∞(M)× C∞(M)→ C∞(M) such that
(i) { , } R−bilinear,
(ii) Liebnitz property: {f, gh} = g.{f, h}+ h.{f, g}.
If moreover we have :
(iii) Jacobi identity: {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0,
then { , } is called a Poisson bracket.
The datum { , } is equivalent to the existence of a bi-vector P ∈ Λ2T ∗M characterized by P (df, dg) =
{f, g} which is called almost Poisson bi-vector. Such a bi-vector can also defined by a morphism P ♭ :
T ∗M → TM such
{f, g} =< dg, P ♭df >= − < df, P ♭dg >= P (df, dg).
called the almost Poisson map.
The almost Poisson bi-vector P defined a Poisson bracket if and only if the Schouten bracket satisfies
[P ♭, P ♭] = 0,
where [P ♭, P ♭](ω, ω′) = P ♭(LP ♭ωω
′ − LP ♭ω′ω + d < ω, P
♭ω′ > +[P ♭ω, P ♭ω′]).
Given an almost Poisson bracket { , } on M , recall that the Hamiltonian field of a smooth map
h : A∗ → R is the vector field Xh = P ♭dh.
Consider a vector bundle τ : A →M and τ∗ : A∗ →M its dual bundle:
• a function f on A∗ is called linear if its restriction to each fiber A∗x = (τ
∗)−1(x) is a linear form;
• an almost Poisson bracket { , } on A∗ is called linear if, for any pair (f, g) of linear functions on A∗,
then {f, g} is also a linear function.
If { , } is linear on A∗, we also say that its associated almost Poisson bi-vector P or morphism P ♭ is linear.
Let {eα} be a local basis of A and (xi, uα)
2 the associated coordinates. We denote by {ǫα} the associated
dual basis on A∗ and (xi, ηα) the associated coordinates on A∗. Therefore, in local coordinates, an almost
linear Poisson bi-vecteur P on A∗ can be written
P =
1
2
Cγαβηγ
∂
∂ηα
∧
∂
∂ηβ
+ ρiα
∂
∂ηα
∧
∂
∂xi
.
For any s ∈ Ξ(A) we denote by Φs : A∗ → R the map given by : Φs(σ) = σ(s).
Note that such a function Φs is a linear function on A∗.
The relation between almost linear Poisson bracket and almost Lie algebroid is given by (see for instance [21],
[31], [36] or [48]):
Theorem 2.2.1. Consider a vector bundle τ : A → M and ρ : A → TM an anchor. The datum of an
almost linear Poisson bracket { , } on A is equivalent to the datum of an almost linear Poisson bi-vector P
on A∗ characterized by the following relations:
• Φ[s,s′]A = P (dΦs, dΦs′) ∀s, s
′ ∈ Ξ(A), and
• P (dΦs, d(f ◦ τ∗)) = df(ρ(s)) ◦ τ∗ ∀s ∈ Ξ(A), ∀f ∈ C∞(M).
2index i,j,k,l... vary from 1 to n and greek index α, β, γ.... vary from 1 to k and we use the Einstein convention of summation
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In local coordinates we have:
ρ = ρiα
∂
∂xi
and [eα, eβ ]A = C
γ
αβeγ if and only if P =
1
2
Cγαβηγ
∂
∂ηα
∧
∂
∂ηβ
+ ρiα
∂
∂ηα
∧
∂
∂xi
.
Given a linear bi-Poisson vector on A∗ associated with an almost Lie bracket [ , ]A on A, the Hamiltonian
vector field Xh of a smooth map h has the following local decomposition:
Xh = ρ
i
α
∂h
∂ηα
∂
∂xi
− (Cγαβηγ
∂h
∂ηβ
+ ρiα
∂h
∂xi
)
∂
∂ηα
.(2.1)
Given two almost Lie algebroids (A,M, ρ, [ , ])A and (A¯,M, ρ¯, [ , ]A¯), set τ
∗ : A → M and τ¯∗ : A¯∗ → M
their associated dual bundles respectively. We denote by { , }A and { , }A¯ the Poisson brackets on A
∗ and
A¯∗ associated with [ , ] and [ , ] respectively. A morphism bundle ̥ : A∗ → A¯∗ is a linear almost Poisson
morphism if we have:
{φ¯ ◦̥, ψ¯ ◦̥}A = {φ¯, ψ¯}A¯ ◦̥
for all smooth functions φ¯ and ψ¯ on A¯∗.
In this case, assume that we have two smooth functions h and h¯ on A∗ and A¯∗ respectively such that
h¯ ◦̥ = h.
Then, if Xh and X¯h¯ are the respective Hamiltonian vector fields of h and h¯, we then have
Tη̥(Xh) = X¯h¯(̥(η)).
In particular, if c : I ⊂ R→ A is an integral curve of Xh, then ̥ ◦ c : I → A˜∗ is an integral curve of X¯h¯. Now
we have the following characterization of a pre-Lie algebroid
Proposition 2.2.1.
The almost Lie algebroid (A,M, ρ, [ , ]A) is a pre-Lie algebroid if and only if ρ∗ : T ∗M → A∗ is a linear
almost Poisson morphism.
Proof.
Clearly it is sufficient to prove the result locally. Consider a chart (U, xi) over M such that A is trivializable
over U . Given a local basis {eα} of A and {ǫ
α} its dual basis. If (xi, ηβ) is the associated coordinate system
on A∗, recall that the linear almost Poisson bivector PA associated with the almost bracket [ , ]A has a local
decomposition of type:
PA =
1
2
Cγαβηγ
∂
∂ηα
∧
∂
∂ηβ
+ ρiα
∂
∂ηα
∧
∂
∂xi
.
Therefore the associated almost Poisson bracket is characterized by:
{xi, xj}A = 0, {ηα, x
i}A = ρ
i
α, {ηα, ηβ}A =
1
2
Cγαβηγ .
On the other hand, if (xi, ξi) is the coordinate system on T
∗M , the canonical Poisson bracket is characterized
by
{xi, xj} = 0, {ξi, x
j} = δji , {ξi, ξj} = 0.
Therefore on the one hand we have
{xi ◦ ρ∗, xi ◦ ρ∗} = 0, {ηα ◦ ρ∗, xj ◦ ρ∗} = {ρiαξi, x
j} = ρiα,
and {ηα ◦ ρ∗, ηα ◦ ρ∗} = {ρiαξi, ρ
i
βξj} = (ρ
i
β
∂ρlα
∂xi
− ρiα
∂ρlβ
∂xi
)ξl.
On the other hand we have
{xi, xj}A ◦ ρ∗ = 0, {ηα, xi}A ◦ ρ∗ = ρiα, {ηα, ηβ}A ◦ ρ
∗ = Cγαβρ
l
γξl.
Therefore ρ∗ is a linear Poisson morphism if and only if
(ρiβ
∂ρlα
∂xi
− ρiα
∂ρlβ
∂xi
− Cγαβρ
l
γ)ξl = 0
for all indices l = 1, . . . , n and 1 ≤ α < β ≤ k.
This condition is equivalent to:
(ρiβ
∂ρlα
∂xi
− ρiα
∂ρlβ
∂xi
)− Cγαβρ
l
γ = 0
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for all 1 ≤ α < β ≤ k and l = 1, . . . , n. But this last condition is exactly
[ρ(eα), ρ(eβ)] = ρ([eα, eβ]A
for all 1 ≤ α < β ≤ k. This ends the proof.

2.3. Fibered manifold and Euler vector field.
In the whole paper π :M→ M will be a fibered manifold of dimension n+ h with a connected typical
fiber. Then this structure gives rise to a foliation on M whose leaves are the fiber of π. It follows that we
have an atlas (Uλ,Φλ) on M such that the transition functions
Ψλµ = Φµ ◦ Φ
−1
λ
are diffeomorphisms of Rn × Rh whose type is
Ψλµ(x, y) = (Ψ
1
λµ(x),Ψ
2(x, y)).(2.2)
The fibration is called locally affine or locally linear if there exists a sub-atlas whose transition functions
are of type:
Ψλµ(x, y) = (Ψ
1
λµ(x),Ψ
2(x, y))
where Ψ2(x, y) is an affine or linear transformations of Rh respectively of type
{ΦAB(x)y
B + φB(x)}A=1,··· ,h or {ΦAB(x)y
B}A=1,··· ,h.
On the other hand, an Euler vector field C on M is a global vector field on M which is tangent to the
fiber of π (i.e. vertical) and such that the flow of C is an infinitesimal homothety on each fiber. This last
property is equivalent to the existence of a local coordinate system (xi, yA)3 (compatible with π) such that
C can be written:
C = yA
∂
∂yA
.(2.3)
Note that, if the fibration is locally linear, according to the associated atlas, (2.3) gives rise to a global
vector field which is an Euler vector field. Conversely, if such a vector field exists we have then:
Proposition 2.3.1. (see for example [58], [59] [55])
(i) if there exists an Euler vector field on M, this fibration is a locally linear foliation.
(ii) On M there exists a sub-atlas such that the transition functions are of type
Ψλµ(x, y) = (Ψ
1
λµ(x), Id + φ(x))(2.4)
if and only if there exists an Euler vector field on M.
In this last case, we will say that the fibration is locally linear. More generally, if the foliation defined by
the fibration is locally affine, we will say that the fibration is locally affine.
Therefore a locally linear fibration structure is characterized by a choice of an Euler vector field C on M.
The context of Proposition 2.3.1 part (ii) means that if (xi, yA) and (x¯j , y¯B) are two coordinate systems
compatible with the sub-atlas of type (ii) which are defined on a common open set then we have
C = (y¯A + ψ¯A(x¯))
∂
∂y¯A
= (yA + ψA(x))
∂
∂yA
.(2.5)
Such an atlas is also characterized by the choice of the Euler section C.
In general, when the fibration is locally affine, the existence of an Euler vector field is not true and the
obstruction to such an existence is characterized by a cohomology class E(π) in the ”foliated cohomology”
of M (see for instance [58]). The nullity of this obstruction is equivalent to the existence of a sub-atlas on
M whose transition functions are of type (2.4).
Example 2.3.1.
Given any vector bundle π :M→M over M we have clearly an atlas with transition function of type (2.4)
and there always exists an Euler vector field C on M according to Proposition 2.3.1. Moreover, any open
submanifold of such a bundle, which is fibered on M , has the same property.
3index A,B, C, ... vary from 1 to h
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Example 2.3.2.
The Hopf manifold Hhof dimension h is the quotient of Rh \ {0} by the action of the group of contractions
z → λz on Rh with 0 < λ < 1. It is well known that Hh is diffeomorphic to Sh−1 × S1 and Hh is a
radial manifold: i.e. there exists an Euler field on the whole manifold (see [17] for instance). On the
other hand, consider the Hopf fibration S2n+1 → CPn ≡ S2n whose fiber is S1. Thus we obtain a fibration
π :M = Sh−1 × S2n+1 → S2n equipped with an Euler vector field. More precisely, let T be a unit vector field
tangent to the fibers of the Hopf fibration S2n+1 → S2n and Mi be the ith meridian vector field on Sh−1 ⊂ Rh.
Then if (y1, · · · , yh) are the canonical coordinates in Rh, we get a family {Vi = Mi + yiT }i=1,···h of (global)
vector fields on Sh−1 × S2n+1 which are tangent to the fibers (see [42]). C = yiVi is a (global) Euler vector
field and since [ViVj] = yiVj − yjVi (see [42]) we have
[C,Vi] = −Vi(2.6)
Note that, on such a manifold, the affine structure on each fiber of S2n+1 → S2n is not complete (see [55] or
[58]).
Example 2.3.3.
Let Tn+h be the torus of dimension n + h obtained as quotient of Rn+h by the canonical action of Zn+k on
Rn+h by translation. Then the canonical fibration π : Tn+h → Tn is an affine fibration. Unfortunately, there
exists no Euler vector field on this fibration. Indeed, the cohomology obstruction E(π) 6= 0 (see [59]).
2.4. Prolongation of an anchored bundle over a fibered manifold.
Consider a fibered connected manifold π : M → M over M of dimension n + h and (A,M, ρ) an
anchored bundle of rank k. Throughout this work we always assume that 0 < h ≤ k.
For m ∈ π−1(x) we set
TAmM = {(b, v) ∈ Ax × TmM such that ρ(b) = Tπ(v)}.
An element of TAmM will be denoted (m, b, v).
The A-prolongation over M is the bundle πˆ : TAM =
⋃
m∈M
TAmM→M defined by
πˆ(m, b, v) = m.
We consider the following maps:
• ρˆ : TAM→ TM defined by ρˆ(m, b, v) = (m, v);
• πA : TAM→ A defined by πA(m, b, v) = b;.
if τ˜ : A˜ → M is the pull-back of the bundle τ : A → M over π : M → M , then π˜ : A˜ → A is defined by
π˜(m, b) = b;
• πA˜ : T
AM→ A˜ defined by πA˜(m, b, v) = (m, b);
• if VAM = kerπA, then πˆ|VAM : V
AM→M the vertical bundle associated with πˆ : TAM→M.
We have then the following commutative diagrams:
ρˆ
TAM −→ TM
πA
y y Tπ
A −→ TM
ρ
πA
TAM −→ A
πˆ
y y τ
M −→ M
π
π˜
A˜ −→ A
τ˜
y y τ
M −→ M
π
πA˜
TAM −→ A˜
πˆ
y y τ˜
M −→ M
Id
Therefore the maps ρˆ, πA and πˆA are vector bundle morphisms over ρ and π, respectively, and πA˜ is a vector
bundle morphism over M. Note that we have the following properties:
(TAM,M, ρˆ) is an anchored bundle;
πA, πA˜ and π˜ are surjective and πA = π˜ ◦ πA˜;
π˜ is an isomorphism in restriction to each fiber;
ρˆ|VM : VM→ V TM is an isomorphism and VM is also the kernel of πA˜ .
When the anchored bundle (A,M, ρ) is fixed, we simply denote TM and VM the bundles
TAM and VAM
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Fix a system of local coordinates (xi, yA) on M compatible with π (that is Tπ(
∂
∂yA
) = 0) and a local
basis (eα) on A. We set Xα(m) = (m, eα(π(m)), ρiα
∂
∂xi
(m)) and VA(m) = (m, 0,
∂
∂yA
(m))). Then {Xα,VA}
is a local basis for TM and moreover VA is vertical.
If z = (m, b, v) ∈ TM , with b = uαeα(τ(m)) and v = ρiαu
α ∂
∂xi
(m) + vA
∂
∂yA
(m) then z can also be
written z = uαXα(m) + v
AVA(m). It follows that (x
i, yA, uα, vA) are coordinates on TM and we have:
ρˆ(Xα) = ρiα
∂
∂xi
, πA(Xα) = eα and ρˆ(VA) =
∂
∂yA
.
Such a basis {Xα,VA} will be called an associated basis to (x
i, yA) and {eα} or simply a canonical
basis.
The dual basis of {Xα,VA} is denoted by {Xα,VA} then we have:
Xα = (πA)∗ǫα, VA = (0, dyA) = (πˆ)∗dyA, and (ρˆ)∗dxi = ρiαX
α and (ρˆ)∗dyA = VA.
A local section ω de (TM)∗ can then be written ω = ηαXα + νAVA. This implies that (xi, yA, ηα, νA) are
coordinates on (TM)∗.
When M = A (resp. M = A∗), we simply denote TA (resp. TA∗) the corresponding prolongation of A
over A (resp. over A∗). Of course if A = TM we get TA = TTM and TA∗ = TT ∗M . On TA, recall that
the vertical lift sV of a section s of A is the section sV of TA defined by sV (a) =
d
dt
(a + ts(a))|t=0. This
allows us to define the Liouville section C by C(a, b, v) = (a, 0, bˆV (a)) and also the vertical endomorphism J
defined by J(a, b, v) = (a, 0, bˆV (a)) where bˆ is the constant section bˆ(x) = b. We have im J = kerJ = VA
i.e. the vertical bundle of TA, in particular we have J2 = 0 .
On TA∗ the Liouville form θ is characterized by θ(X) = ζ(T τ̂∗(X)) for any ζ ∈ A∗ and X ∈ TA∗ where
τ̂∗ : TA∗ → A∗ is the projection of the A prolongation over A∗. Given a coordinate system (xi, ηα) on A∗
(cf. subsection 2.2), we will denote by Pα the vertical section such that, if ρˆ : TA
∗ → TA∗ is the anchor,
ρˆ(Pα) =
∂
∂ηα
and again ρˆ(Xα) = ρiα
∂
∂xi
. It follows that {Xα,Pβ} is a local canonical basis of TA∗, and we
obtain an associated coordinate system denoted (xi, ηα, u
α, να). The associated dual basis is then denoted
{Xα,Pβ} and the associated coordinate system will be denoted (xi, ηα, ξβ , vα). With these notations, the
Liouville form is written θ = ηαXα .
Consider a section X of TM defined on an open set V . A curve c : I ⊂ R→ V is called an integral curve
of X if we have:
c˙(t) = ρˆ(X )(c(t)).
A morphism of anchored bundle (A,M, ρ) and (A′,M ′, ρ′) is a morphism bundle Φ : A → A′ between
τ : A →M and τ ′ : A′ →M ′, over a map φ :M →M ′ such that
Tφ ◦ ρ = ρ′ ◦ Φ.
Given Ψ : M → M′ a bundle morphism Ψ : M → M′ between fibered manifolds π : M → M and
π′ : M′ → M ′ over φ and we get a map TΨ from the prolongation TAM to TA
′
M′ characterized by (see
[8])
TΨ(m, b, v) = (Ψ(m),Φ(b), TmΨ(v).
Let E be a subbundle of TM which contains VM. A k-form ω on E (i.e. a smooth section of the bundle
ΛkE∗) is called semi-basic if iXω = 0 for any vertical section X . In the same way, a vector valued k-form ω
on E (i.e. a smooth section of the bundle ΛkE∗ ⊗ E) is called semi-basic if ω takes its values in VE and if
iXω = 0 when X is vertical. More generally, any tensor Θ of type (k, l) on E (i.e. a smooth section of the
bundle
⊗k E∗⊗l E) is called semi-basic if Θ is a section of ⊗hE∗ ⊗l (VM) and Θ(X1, · · · ,Xh) belongs to⊗l
(VM) for any section X1, · · · ,Xk of E and this value is 0 as soon as one of these section is vertical.
2.5. Prolongation of the Lie bracket.
In this subsection we assume that the rank k of the anchored bundle (A,M, ρ) is smaller than n.
Among all sections of πˆ : TM→M we will consider particular sections:
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Definition 2.5.1.
A section Z of πˆ : TM→M is projectable if there exists s ∈ Ξ(A) such that
πA ◦ Z = s ◦ τ.
Therefore Z is projectable if and only if there exists a vector field Z on M and s ∈ Ξ(A) such that
Z(p) = (m, s ◦ π(m), Z(m)) with Tπ(Z)(p) = ρ ◦ s ◦ π(p).
In particular, in any canonical local basis {Xα,VA}, each Xα and VA are (local) projectable sections. There-
fore, locally any section can be decomposed as a linear functional combination of projectable sections and
vertical sections.
Moreover, if Z is projectable and V is a vertical section then, p→ (p, 0, [ρˆ(Z(p)), ρˆ(V(p)]) is a vertical section
of TM→M. It follows that we can define the Lie bracket [Z,V ] as the section (0, [ρˆ(Z), ρˆ(V)]).
Assume now that (A,M, ρ, [ , ]A) is a pre-Lie algebroid. On the anchored bundle (TM,M, ρˆ) there exists
a natural Lie bracket [ , ]P
4 which is a natural prolongation of the given Lie bracket [ , ]A in the sense that
for projectable sections Z1 = (s1 ◦ π, Z1) and Z2 = (s2 ◦ π, Z2) we have
[Z1,Z2]P = ([s1, s2]A ◦ π, [Z1, Z2]).
Since any section of TM can be locally written as a linear combination of projectable sections, the definition
of the Lie bracket [ , ]P for arbitrary sections of TM follows. Locally, this bracket is characterized by:
[Xα,Xβ ]P = C
γ
αβXγ , [Xα,VB]M = 0, and [VA,VB]P = 0.(2.7)
Moreover we obtain an algebroid structure (TM,M, ρˆ, [ , ]P ). To this structure we can associate an
almost differential denoted dP . If {Xα,Vα} is a local canonical basis and {Xα,VA} is the associated dual
basis, according to (2.7), we have:
dxi = ρiαX
α, dPX γ = −
1
2
CγαβX
α ∧ X β , dyA = VA, dPVA = 0.(2.8)
Remark 2.5.1.
(1) A 1-form η on TM is semi-basic if and only if in any canonical dual basis {Xα,VB} of TM, we
have
η = ηαX
a.
In this case, according to (2.8) dPη has a decomposition of type:
dPη =
∂ηα
∂yA
VA ∧ Xα +
1
2
(
∂ηβ
∂xi
ρiγ −
∂ηγ
∂xi
ρiβ − ηαC
α
βγ)X
β ∧ X γ .
Thus dPη only depends on the bracket [ , ]A. Therefore, if η is semi-basic, the condition ”d
Pη is
semi-basic” depends only on the bracket [ , ]A.
(2) on TA∗ the Liouville form θ is semi basic, so the canonical 2 form Ω = −dPθ depends on the choice
of the bracket [ , ]A. In fact, Ω has locally the following decomposition:
Ω = Xα ∧ Pα +
1
2
ηγC
α
αβX
α ∧ X β .(2.9)
In particular, Ω is symplectic and the vertical bundle VA∗ is Lagrangian.
(3) Consider a Hamiltonian vector field Xh on A
∗ associated with a smooth map h : A∗ → R (relative to
the linear Poisson bracket associated with [ , ]A). Moreover, consider the equation iXΩ = d
Ph has a
unique solution denoted
−→
h and according to (2.9), we have
−→
h =
∂h
∂ηα
Xα − (ρ
i
α
∂h
∂xi
+ ηγC
γ
αβ
∂h
∂ηβ
)Pα.
According to the local decomposition (2.1), we have
ρˆ(
−→
h ) = Xh.
4this almost Lie bracket is denoted with index P to recall that is it a prolongation of the almost Lie bracket on A
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3. Foliated anchored bundle and pre-Lie algebroid
3.1. Integrability and involutivity of distributions.
In this subsection we recall the context used in [51], [52] and [3].
A distribution D on a manifold M is an assignment x 7→ Dx where Dx is a vector subspace of TxM . A
local vector field X on M is a smooth vector field defined on an open set O denoted Dom(X). A local vector
field X is tangent to a distribution D if for any x ∈Dom(X) then X(x) belongs to Dx. We denote by Ξ(D)
the sets of all vector fields which are tangent to D. Note that Ξ(D) has a structure of module over the ring
C∞(M). A distribution is called smooth if for any x ∈M , Dx is generated by the set {X(x), X ∈ Ξ(D)}.
Any moduleA of smooth vector fields onM generates a smooth distributionDA defined by Dx :=span{X(x), :
X ∈ A}. Of course such a module is contained in Ξ(DA); in particular, such a distribution is smooth. But
we can have A 6= Ξ(DA) as the following example shows:
Example 3.1.1. [3]
On M = R2 we consider the vector fields
X1 = (x
2 + y2)
∂
∂x
X2 = (x
4 + y4)
∂
∂y
We denote by A the module generated by X1 and X2. The distribution D generated by A is such that
D(x,y) = T(x,y)R
2 and D(0,0) = {(0, 0)}. Now we have
[X1, X2] = 4x
2(x2 + y2)
∂
∂y
− 2y(x4 + y4)
∂
∂x
Therefore [X1, X2] is tangent to D. But it is easy to see that [X1, X2] does not belong to A
Given an anchored bundle (A,M, ρ) on M , we denote by ρ : Ξ(A) → Ξ(M) the morphism of modules
induced by ρ. Then ρ(Ξ(A)) is a module of vector fields which generates the distribution ρ(A) but in general
we have ρ(Ξ(A)) 6= Ξ(ρ(A) as the Example 3.1.1 shows. A relation between modules of vector fields and
anchored bundles is given by the following result of [41] (pp. 122-123):
Proposition 3.1.1. [41]
For any smooth manifold M and any integer k ≥ O there is a one-to-one correspondence between smooth
anchored vector bundles (A,M, ρ) of rank k such that ρ : Ξ(A)→ Ξ(M) is injective and isomorphism classes
of locally free modules of finite rank k on M .
A distribution is called punctually integrable at x in M if there exists a submanifold P of M such that x
belongs to N and TyP = Dy for all y ∈ P . In this case, P is called an integral manifold of D. The distribution
is called integrable if it is punctually integrable at each point of M and we say that D is Stefan-Sussman
integrable. In this case we have a global integrability property in the following sense:
consider the binary relation
xRy iff there exists an integral manifold P of D such that x, y ∈ P );
then R is an equivalence relation and the equivalence class N(x) of x has a natural structure of connected
manifold whose dimension is dim(Dx); if ι : N(x) → M is the natural inclusion then (N, ι) is an immersed
submanifold of M .
Moreover N(x), is a maximal integral manifold of D in the following way: for any integral manifold P of D,
such that P ∩N(x) is not empty then P ⊂ N(x).
The set of all the equivalence classes is called the foliation defined by D and any equivalence class N is called
a leaf of the foliation.
A smooth distribution D is called involutive if for any two vector fields X and Y which are tangent to
D the usual Lie bracket [X,Y ] is also tangent to D. When D is regular i.e. D is a subbundle of TM the
Frobenius Theorem asserts that D is integrable. However, in the general case of a smooth distribution it
is well known that this result is no more true (see [51] and [52] for counterexamples). Nevertheless if D is
integrable then D is involutive (cf. [3] Proposition 2.3).
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A module A of smooth vector fields on M is called involutive if for any two vector fields X and Y of A the
usual Lie bracket [X,Y ] belongs to A. Note that when D is generated by a module A and if D is involutive
it does not implies that A is involutive (cf. Example 3.1.1). However we have the following result of [3]
Proposition 2.6
Proposition 3.1.2. [3]
If a smooth distribution D is integrable then the module Ξ(D) is involutive.
For an anchored bundle we have:
Proposition 3.1.3.
Let (A,M, ρ) be an anchored bundle on M .
(1) If ρ(A) is integrable and ρ(Ξ(A)) = Ξ(ρ(A) then ρ(Ξ(A)) is involutive.
(2) if ρ(Ξ(A)) is involutive then ρ(A) is integrable
Proof.
Point (1) is a corollary of Proposition 3.1.2. Point (2) is a consequence of Theorem 4.2 of [52].

3.2. Foliated anchored bundle.
Given an anchored (A,M, ρ) we consider:
Definition 3.2.1.
The anchored bundle (A,M, ρ) is called foliated if the module ρ(Ξ(A)) is involutive.
Note that if (A,M, ρ) is a foliated anchored bundle, according to Proposition 3.1.3 the distribution ρ(A)
is integrable. However the converse is not true according to Example 3.1.1:
if we consider the anchored bundle (TR2,R2, ρ) on R2 with ρ(
∂
∂x
) = X1 and ρ(
∂
∂y
) = X2, then the distri-
bution ρ(TR2) is integrable (since it is punctually integrable), but [ρ(
∂
∂x
), ρ(
∂
∂y
)] does not belongs to the
module ρ(Ξ(TR2)).
Now, as we have seen in the previous section if (A,M, ρ) is a Lie algebroid or pre-Lie algebroid then
ρ induces a Lie morphism and so (A,M, ρ) is a foliated anchored bundle. We have the following general
examples:
Proposition 3.2.1.
(1) If (A,M, ρ) is a foliated anchored bundle, so is the anchored bundle (A,M,Φρ) for any smooth
function Φ on M .
(2) If (A,M, ρ) is a foliated anchored bundle then given any vector bundle A′ on M we have a structure
of foliated anchored bundle on A⊕A′.
(3) if A is a locally free involutive module of smooth vector fields of rank k, there exists an anchored
bundle (A,M, ρ) such that ρ(Ξ(A)) = A and which is a foliated anchored bundle.
Proof.
For point (1), first of all note that Φρ : A → TM is a bundle morphism. Now if s and s′ are two sections of
A we have
[Φρ(s),Φρ(s′)] = Φ(Φ[ρ(s), ρ(s′)] + dΦ(ρ(s))ρ(s′)− dΦ(ρ(s′)ρ(s))(3.1)
As (A,M, ρ) is a foliated anchored bundle, it follows that Φ[ρ(s), ρ(s′)] belongs to the module ρ(Ξ(A)).
Therefore the second members of (3.1) belongs to Φρ(Ξ(A)). This ends the proof.
For point (2) take ρ′ : A⊕A′ → TM defined by ρ′|A = ρ and ρ
′
|A′ = 0 and the bracket [ , ]
′ characterized by:
[X,Y ]′ = [X,Y ] for X and Y sections of A;
[X,X ′]′ = 0 for sections X of A and X ′ of K;
[X ′, Y ′]′ = [X ′, Y ′]K where [ , ]K is any almost Lie bracket on K.
For Point (3) according to Proposition 3.1.2, there exists an anchored bundle (A,M, ρ) such that ρ(Ξ(A)) =
A. Now, since A is locally free we must have A = Ξ(ρ(A)). Finally as A is involutive (A,M, ρ) is a foliated
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anchored bundle.

The link between pre-Lie algebroid and foliated anchored bundle is given in the first part of the following
result:
Proposition 3.2.2.
(i) The anchored bundle (A,M, ρ) is a foliated anchored bundle if an only if there is an almost Lie
bracket [ , ]A such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid.
(ii) Let N be a leaf of a foliated anchored bundle (A,M, ρ). If AN = τ−1(N) then KN = AN ∩ ker ρ is a
subbundle of AN and the the restriction of ρ to AN induces a quotient morphism ρN : AN/KN → TM
which is an isomorphism onto TN . Moreover, given any almost Lie bracket [ , ]A such that
(A,M, ρ, [ , ]A) is a pre-Lie algebroid then [ , ]A induces an Lie bracket [ , ]N on the anchored
bundle (AN/KN , N, ρN ) which is independent of such a choice of almost bracket [ , ]A. In particular
ρN gives rise to an isomorphism between the Lie algebra (Ξ(AN /KN), [ , ]N ) and (Ξ(N), [ , ]).
Remark 3.2.1.
Let [ , ]1 and [ , ]2 be two almost brackets such that (A,M, ρ), [ , ]k) is a pre-Lie algebroid for k = 1, 2. If
Θ = [ , ]1 − [ , ]2 then the A-tensor Θ takes values in ker ρ and conversely.
Proof.
For Part (i) we only have to prove that if (A,M, ρ) is foliated anchored bundle, there exists an almost bracket
[ , ]A on (A,M, ρ) such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid. First of all, sinceM is paracompact, there
always exists a A-linear connection ∇ on an anchored bundle (A,M, ρ). We denote by [ , ]∇ the associated
almost Lie bracket. (see Section 2.1). Therefore, locally over an open U we have:
[eα, eβ ] = C
γ
α,βeγ , ρ(eα) = ρ
i
α
∂
∂xi
, and [ρ(eα), ρ(eβ)] = (ρ
i
α
∂ρjβ
∂xi
− ρiβ
∂ρjα
∂xi
)
∂
∂xj
.
Since the module ρ(Ξ(A) is involutive, there exists a family of functions Bγαβ on U such that
[ρ(eα), ρ(eβ)] = B
γ
αβρ
j
γ
∂
∂xj
.(3.2)
It follows that Θγαβ = B
γ
αβ −C
γ
αβ are the components of an antisymmetric A-tensor ΘU of type (2, 1) over U
such that
[ρ(eα), ρ(eβ)] = ρ ([eα, eβ] + ΘU (eα, eβ)) .(3.3)
Denote by [ , ]′U = [ , ] + ΘU ( , ) By construction [ , ]
′
U is an almost Lie bracket (cf. Remarque 2.1.1 (1))
which satisfies the relation
[ρ(X), ρ(Y )]|U = ρ[X,Y ]
′
U .(3.4)
Now, choose an open cover {Uk}k∈K of M by open sets associated to a partition of unity {φk}k∈K , such that
A is trivializable on each open Uk. Now, given an open set Uk, there exists an antisymmetric A-tensor of
type (2, 1) Θk over Uk which satisfies the Equation (3.4) for some choice of a local basis of A on Uk. Then
Θ =
∑
k∈K
φkΘk is an antisymmetricA-tensor of type (2, 1) overM . It follows that [ , ]′ = [ , ]∇+Θ is an almost
Lie bracket (cf. Remarque 2.1.1 (1)). It remains to show that ρ induces a morphism of Lie algebras between
the Lie algebras (Ξ(A), [ , ]∇′ and Ξ(M), [ , ]). Therefore we have [ , ]′ = [ , ]∇ +
∑
k∈K
φkΘk =
∑
k∈K
φk[ , ]
′
Uk
.
Thus we have [ρ(X), ρ(Y )] =
∑
k∈K
φk[ρ(X), ρ(Y )]|Uk . Now, according to the equation (3.4) on each Uk we
obtain [ρ(X), ρ(Y )]|Uk = ρ[X,Y ]
′
Uk
. It follows that we get [ρ(X), ρ(Y )] = ρ[X,Y ]∇′ . Thus (A,M, ρ, [ , ]′) is
a pre-Lie algebroid.
According to the notations introduced in Part (ii), if N is a leaf of ρ(A), it is clear that KN is a subbundle
of AN and ρN : AN/KN → TM is an isomorphism onto TN . There exists a subbundle HN of AN such that
AN = HN ⊕KN . Therefore the restriction of ρ to HN is also an isomorphism on TN . Now fix some almost
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bracket [ , ]A such that (A,M, ρ), [ , ]A) is a pre-Lie algebroid. SinceM is paracompact, so is N and therefore
an almost Lie bracket on M or N is completely characterized by its value on locally sections defined on some
open subsets. Consider a coordinate system (xi) on an open U such that (x1, · · · , xq) is a coordinate system
on U ∩N . After restricting U if necessary, there exists a basis {eα} such that {e1, · · · , eq} and {eq+1, · · · , ek}
is a local basis of HN and KN , respectively. Since ρN is of constant rank q over U ∩ N , therefore after
restricting U if necessary, we can choose {e1, · · · , eq} such that ρ(eα) =
∂
∂xα
for α = 1, · · · , q on U . It follows
that, if we set ρ(eα) = ρ
i
α
∂
∂xi
, then ρβα = δ
β
α for α, β = 1, · · · , q, ρ
j
α = 0 on x
q+1 = · · · = xn = 0 for all
α = 1, · · · , q and j = q+1, · · · , n. Consequently all brackets [ρ(eα), ρ(eβ)] vanish on xq+1 = · · · = xn = 0 for
all α, β = 1, · · · q. Since ρ is a Lie morphism, it follows that we have ρ([eα, eβ]A = 0 on U ∩N . This implies
that [eα, eβ]A belongs to KN over U ∩N .
Note that for any section X of AN and Y of KN we have [ρ(X), ρ(Y )] = 0 = ρ([X,Y ]A). Therefore
[X,Y ]A belongs to KN .
Let [X,Y ]HN be the projection of [X,Y ]A over HN parallel to KN for any sections X and Y of HN . Now
given any section X¯ and Y¯ of AN/KN there exists two sections X and Y of HN whose canonical projections
are X¯ and Y¯ respectively. We have the decompositions X =
q∑
α=1
fαeα and Y =
q∑
α=1
gβeβ. It follows that the
[X,Y ] has a can be written [X,Y ]A =
q∑
α,β=1
fαgβ[eα, eβ] + [X,Y ]HN . Since all brackets [eα, eβ]A belongs to
KN , The projection of [X,Y ]A on AN/KN is equal to the projection of [X,Y ]HN ;
Now any other sections X ′ and Y ′ of AN whose l projection on AN/KN is also X¯ and Y¯ respectively,
we have X ′ = X + X” and Y ′ = Y + Y ” where X” and Y ” belong to KN . Since we have [X ′, Y ′]A =
[X ′, Y ”]A+ [X”, Y
′]A+ [X,Y ]A and since [X
′, Y ”]A and [X”, Y
′]A belong to KN the projection of [X ′, Y ′]A
on AN/KN is equal to the projection of [X,Y ]A on this quotient which is also the projection on AN/KN of
[X,Y ]A. In this way by canonical projection of [ , ]A we get an almost Lie bracket [ , ]N on AN/KN . Note
from our construction, if e¯α is the canonical projection of eα over AN/KN , then {e¯α}α=1,··· ,q is a local basis
and we have [e¯α, e¯β] = 0 for α, β = 1, · · · , q. This clearly implies that [ , ]N satisfies the Jacobi identity.
Finally according to Remark 3.2.1 any other almost Lie bracket [ , ]′A such that (A,M, ρ, [ , ]
′
A) is a pre-Lie
algebroid and gives rise to the same bracket [ , ]N by projection on AN/KN . This ends the proof of Part
(ii). 
3.3. Prolongation of foliated anchored bundle over a fibered manifold. We consider a fibered man-
ifold π : M → M of dimension n + h and (TM,M, ρˆ, [ , ]P) the associated pre-Lie algebroid as built in
subsection 4.1. Therefore the distribution ρˆ(TM) is integrable.
Fix some leaf N of the integrable foliation ρ(A) and consider MN = π−1(N) Then πN = π|MN :MN → N
is a fibered manifold of dimension q + h if dim(N) = q. We denote by TMN the restriction of the bundle
TM over MN and we set
KMN = {(m, b, v) ∈ TMN , | ρˆ(m, b, v) = 0} = {(m, b, 0) ∈ TMN}.
Note that TMN is a bundle over MN of rank h + k and KMN is a subbundle of corank q + h. It follows
that ρˆ induces an injective quotient morphism ρˆN : TMN/KMN → TMN . We can easily obtain:
Proposition 3.3.1.
(i) MN is a leaf of the foliation defined by the integrable distribution ρˆ(TM) and ρˆN is an isomorphism
from TMN/KMN onto TMN .
(ii) The almost bracket [ , ]P induces by projection on TMN/KMN an almost bracket [ , ]MN which is
independent on the choice of the almost bracket [ , ]A such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid.
Moreover [ , ]MN satisfies the Jacobi identity and ρˆN induces an isomorphism of Lie algebra between
(Ξ(TMN/KMN), [ , ]MN) and (Ξ(MN ), [ , ]).
Remark 3.3.1.
Fix some leaf N a leaf of the foliation defined by the integrable distribution ρ(A). According to the proof of
Proposition 3.2.2, consider a coordinate system (U, (x1, · · · , xn)) of M such that
• U ∩N, (x1, · · · , xq) is a coordinate system of N and
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• there exists a local basis {e1, · · · , ek} over U so that {eq+1, · · · , ek} is a local basis of KN over U ∩ N
with ρ(eα) =
∂
∂xα
and [eα, eβ]A =
∑k
γ=q+1 C
γ
αβeγ for α = 1, · · · q.
Now if (xi, yA) is a coordinate system defined on some open subset U of π−1(U), let {Xα,VA} be the as-
sociated basis of TM. Then U ∩MN , (x1, · · · , xq, y1, · · · , yk) is a coordinate system on TMN and over this
open set {Xq+1, · · · ,Xk} is a local basis of KMN such that [Xα,Xβ ]P =
∑k
γ=q+1 C
γ
αβXγ for α, β = 1, · · · , q.
Moreover if X¯α is the projection of Xα on TMN/KMN we also have ρˆN (X¯α) =
∂
∂xα
for α = 1, · · · q.
We fix some leaf N of the foliation defined by ρ(A) of dimension q and consider the associated fibered
manifold τN : AN → N .
.
Proposition 3.3.2.
(i) Let J be the vertical endomorphism in TA (see Subsection 3). Then J(KAN ) is a subbundle of VAN
of rank k − q. The anchor ρˆ induces an isomorphism ρˆTN from (TAN ) / (KAN ⊕ (J(KAN )) onto
T (TN) over ρN : AN/KN → TN .
(ii) the Lie bracket [ , ]P on TA induces by projection on the previous quotient bundle an almost bracket
[ , ]TN which is independent of the choice of the almost bracket [ , ]A such that that (A,M, ρ, [ , ]A)
is a pre-Lie algebroid. In fact [ , ]TN satisfies the Jacobi identity and ρˆTN induces an isomorphism
of Lie algebra between (Ξ ((TAN ) / (KAN ⊕ J(KAN ))) , [ , ]TN ) and (Ξ(T (TN)), [ , ]).
Proof.
Consider a leaf N of the foliation defined ρ(A) and q =dimN . Since the morphism ρ : AN → TN is surjective,
so is Tρ : TAN → T (TN). Therefore its kernel is a subbundle kerTρ of rank k − q over AN .
Fix some chart (U, (x1, · · · , xn)) such that (U ∩N, (x1, · · · , xq)) is a chart for N and A is trivializable over
U . We can choose (U, (x1, · · · , xn)) and a local basis {eα} of A such that ρ(eα) =
∂
∂xα
for α = 1, · · · , q over
U∩N (see Remark 3.3.1). Denote by (x1, · · · , xn, y1, · · · , yk) the induced coordinates system on U = τ−1N (U).
From this construction,
∂
∂yq+1
, · · · ,
∂
∂yk
is a basis of kerTρ over U .
Now let (x1, · · · , xq, x˙1, . . . , x˙q) be the coordinate system on TN associate to (U ∩ N, (x1, · · · , xq)). By
composition of the projection τ¯N : AN → AN/KN the local coordinate system (x1, · · · , xn, y1, · · · , yk) gives
rise to a local coordinate system (x¯1, · · · , x¯q, y¯1, · · · y¯q) of AN/KN on the open U¯ = τ¯N (U). From the
properties of the basis {eα} it follows that the local expression ρN : AN/KN → TN is xα = x¯α and x˙α = y¯α
for α = 1, · · · , q.
Moreover according to Remark 3.3.1 let {Xα,Vβ} be a basis of TAN over U , associated with the previous
data. This basis have the following properties:
• ρˆ(Xα) =
∂
∂xα
◦ ρ for α = 1, · · · , q,
• ρˆ(Vα) =
∂
∂yα
◦ ρ for all α = 1, · · · , k,
• [Xα,Xβ ]P =
∑k
γ=q+1 C
γ
αβX
γ for all α, β = 1, · · · , q,
• {Xq+1, · · · ,Xk} is a local basis of KAN.
From the properties of J (see Subsection 3) we have then J(Xα) = Vα for any α = 1, · · · , k. It follows
that {Vq+1, · · · ,Vk} is a local basis of J(KMN ). In particular J(KMN ) is a subbundle of VAN of rank
k − q. We now consider the morphism Tρ ◦ ρˆ : TAN → T (TN). The kernel of this morphism is KAN ⊕
J(KAN ). Therefore we obtain a quotient morphism from TAN/ (KAN ⊕ J(KAN )) to T (TN) over ρ :
AN → TN which is an isomorphism between fibers. It follows that we obtain an isomorphism ρˆTN from
TMN/ (KMN ⊕ J(KMN )) to the pull back ρ∗T (TN).
Using the same arguments as in the proof of Proposition 3.2.2, by projection on TMN/ (KMN ⊕ J(KMN))
the bracket [ , ]P induces a Lie bracket [ , ]TN on TMN/ (KMN ⊕ J(KMN )) which does not depend on
the choice of [ , ]A such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid
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Now, by projection on TMN/ (KMN ⊕ J(KMN )) we obtain a basis
{X¯1, · · · , X¯q, V¯1, · · · , V¯q} such that ρˆTN (X¯α) =
∂
∂xα
◦ ρ and ρˆTN (V¯α) =
∂
∂yα
◦ ρ for all α = 1, · · · , q and of
course we have
[X¯α, X¯β ]TN = [X¯α, V¯β ]TN = [X¯α, V¯β ]TN = 0 for all α, β = 1, · · · , q.
To end the proof it remains to show that the bundle TMN/ (KMN ⊕ J(KMN ))→ AN induces a bundle
TMN/ (KMN ⊕ J(KMN ))→ AN/KN which is isomorphic to the bundle T (TN)→ TN .
Indeed with the previous notations, over U = τ−1N (U) we have a trivialization of TMN/ (KMN ) given by
the basis {X¯1, · · · , X¯q, V¯1, · · · , V¯q}. Now for (x, y) ∈ U and α = 1, · · · , q we have X¯α(x, y) = ((x, y), eα(x),
∂
∂xα
(x))
and V¯α = ((x, y), 0,
∂
∂yα
(x, y)) on U (see subsection 2.4). It follows that X¯α and V¯α are projectable on U¯ .
Moreover the bracket [ , ]TN in restriction to section over U is clearly also projectable on U¯ . Consider
an other chart (U´ , (x´1, · · · , x´n)) and {e´α} a basis of A with the same properties as (U, (x1, · · · , xn)) and
{eα} and such that U ∩ U´ 6= ∅. Then on this intersection, we have a field of matrix (Aβα) with A
β
α = 0 for
q < α ≤ k and 1 ≤ β ≤ q on N and such that eα = Aβαe´β . If {X´α, V´α} is the basis of TA associated to the
data (U´ , (x´1, · · · , x´n)) and {e´α}, we have the relations:
x´i = x´i(x1, · · · , xq) and x´i = x´i(x1, · · · , xq) for i = 1, · · · , q on N
y´β = Aβαy
α
Xα = AβαX´β + ρ
i
α
∂Aβγ
∂xi
yγV´β
Vα = AβαV´β .
.(3.5)
Over τ−1(U ∩ U´ ∩N) ⊂ AN , we have the following relations
ρiα = 0 for q < α ≤ k and ρ
i
α = δ
i
α,
Aβα = 0 for q < α, β ≤ k.
Thus for α = 1, . . . , q, we obtain
X¯α(x, y) = (Aβαe´β, A
β
α
∂
∂x´β
+
∂Aβγ
∂xα
∂
∂y´β)
= (eα,
∂
∂xα
),
V¯α(x, y) = (0, Aβα
∂
∂y´β
) = (0,
∂
∂yα
(x, y)).
Therefore by projection on the intersection U¯∩
¯´
U we get the compatibility of local triviality with the equiv-
alent relation associated with the quotient AN → AN/KN and compatible with the isomorphism between
AN/KN and T (TN)→ TN

4. Geometrical objets on the prolongation over a fibered manifold
From now on, the almost Lie algebroid (A,M, ρ, [ , ]A) is fixed, and we assume that its rank k. We assume
that the typical fiber of the fibered manifold π :M→M is connected and is also of dimension k.
First of all in this section we introduce the definition and the properties of almost tangent and cotangent
structures. Then we give a non classical definition of a semispray and we study the compatibility between
these previous almost structures and a semispray on the one hand and with Euler section and semispray on
the other hand.
4.1. Almost tangent structure and almost cotangent structure.
According to the original terminology of [11], [12], [45], [59] and [55] we introduce:
Definition 4.1.1.
(i) An almost tangent structure on TM is an endomorphism J of TM such that im J = VM = kerJ .
(ii) An almost cotangent structure on TM is a 2-form Ω ∈ Λ2(TM)∗ of maximal rank 2k, such that
each vertical space VmM is Lagrangian for all m ∈ M.
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(iii) An almost tangent J and almost cotangent structure Ω on TM are compatible if we have
Ω(JX ,Y) + Ω(X ,JY) ≡ 0 for all sections X ,Y.
An almost tangent structure J on TM is then locally given by a field of matrix (J ) = (J βa ) of maximal
rank k such that:
J (Za) = J
B
a Vβ .(4.1)
where (J ) = (J βα ) is a field of invertible matrices.
An almost cotangent structure Ω on TM is locally given by a pair of k-square matrix (ω) = (ωαβ) which
is skew symmetric, and (ω¯) = (ω¯αβ) which is of rank k, such that we have
Ω(Xα,Vβ) = ω¯αβ Ω(Xα,Xβ) = ωαβ Ω(Vα,Vβ) = 0.(4.2)
The following result contains the principal properties of such structures:
Proposition 4.1.1.
(i) On TM there exists an almost tangent structure if and only if there exists an almost cotangent
structure.
(ii) An almost tangent structure J and an almost cotangent structure Ω on TM are compatible if and
only if the matrices (J ) and (Ω) associated with the local decomposition (4.1) of J and (4.2) of Ω)
respectively satisfy the relation:
(Ω)(J ) = (J )t(Ω)t,
where (.)t denote the transpose matrix of (.).
(iii) If an almost tangent structure J and an almost cotangent structure Ω are compatible, then g(JX ,JY) =
Ω(JX ,Y) defines a pseudo-Riemannian metric on VM. On the other hand, given any Whitney de-
composition TM = VM⊕H and let ΠH be the associated projection on H. Then gH(ΠHX ,ΠHY) =
Ω(JX ,Y) defines also a pseudo-Riemannian metric on H.
(iv) Conversely, assume that we have a pseudo-Riemannian metric g on VM and let J or Ω be an almost
tangent or a cotangent structure on TM respectively. Then there exists a unique almost cotangent Ω
or a unique almost tangent structure J on TM respectively such that J and Ω are compatible and
which are linked by the relation:
g(JX ,JY) = Ω(X ,JY)
for all sections X and Y of TM.
proof of Proposition 4.1.1.
Part (i)5.
Let g be a Riemannian metric on TM and choose an almost tangent structure J on TM and denote
by H the orthogonal (VM)⊥ of VM) relatively to g. Therefore J induces an isomorphism Jg between the
bundles H and VM. Then we can associate to J an almost complex structure I on TM = H⊕VM defined
in the following way:
I(Z) = Jg(Z) for Z ∈ K, and
I(Z) = −(Jg)−1(Z) for Z ∈ VM.
Then we define
Ω(X ,Y) = g(X , IY) − g(Y, IX ) for sections X ,Y of TM.
Conversely let Ω be an almost cotangent structure on TM. Denote on the one hand by Ω♭ the classical
musical isomorphism between TM and TM∗, and on the other hand by g♯ the classical musical isomorphism
between TM∗ and TM induced by Ω and g respectively. Then the almost tangent structure J is defined
by:
J|VM = 0 J|H = g
♯ ◦ (Ω♭)|H and J|K = 0.
Part (ii): Again let Ω♭ be the musical morphism from TM to TM∗ induced by Ω. Then Ω and J are
compatible if and only if Ω♭ ◦ J = −J ∗ ◦ Ω♭. According to the local decomposition of J and Ω, we have
5the proof is analogue to the proof of the corresponding result of [55] but we shall refer to these arguments in the following
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(J ) =
(
(0) (0)
(J) (0)
)
and (O) =
(
((Ω¯) −(Ω)t
(Ω) (0)
)
associated with the local decomposition of Ω. As Ω is
antisymmetric, we must have (O)t = −(O). Then the matrices of the morphisms Ω♭ ◦ J and −J ∗ ◦ Ω♭ are
respectively (O)(J) and −(J)t(O) = (J)t(O)t, which ends the proof.
Part (iii): First of all, from the compatibility of J and Ω, the definition of g is symmetric in X and Y. Now
if JX = JX ′ then X −X ′ is vertical, and since VM is Lagrangian it follows that g is well defined. Moreover,
in local coordinates the matrix of g is (Ω¯)(J) = (J)t(Ω¯)t which is symmetric and of maximal rank k.
The proof of the last part is analogue to the previous one.
Part (iv): Assume that Ω is given and denote by j : VM→ TM the canonical inclusion and H a comple-
mentary of VM in TM. Then we can define J as in the proof of part (i), and it is easy to see that Ω and
J are compatible.
Now assume that J is given. By similar arguments used in the proof of part (i), and with the same notations
we can associate to J an almost complex structure I on TM. Now, since J¯ = J|H is an isomorphism from
H to VM, we define a pseudo-Riemannian metric g¯ on VM by g¯(X ,Y) = gH(J¯ −1X , J¯ −1X ). These two
pseudo-Riemannian metrics induce a pseudo-Riemannian metric onTM such thatH andVM are orthogonal.
Then, we can define Ω in the same way as in the proof of part (i). By an elementary calculus we can see that
Ω and J are compatible.

As in the case of almost tangent manifold ([59], [55]) the existence of an almost tangent structure on TM
implies some topological conditions on M:
Proposition 4.1.2.
If there exists an almost tangent or cotangent structure on TM then the fibration π : M → M is a locally
affine fibration (see Subsection 2.3).
The proof of this Proposition is an adaption, to our context, of the proof of Theorem 3.3 in [55]
skecth of the proof .
LetH be a complementary subbundle ofVM inTM. Then πA(H) = A. Moreover, (πA)|H is an isomorphism
from the fiber over m of H onto the fiber over π(m) of A. We assume that there exists an almost tangent
structure J on TM. Now any section X of A gives rises to some section X of H and then a unique vertical
section X v = J (X ) which does not depend on the choice of X . Fix some x0 ∈ M and consider the fiber
Fx0 = π
−1(x0) and some m0 ∈ Fx0 . Choose a Riemannian metric g on H and a local section σ ofM defined
on a neighbourhood U of x0 such that σ(x0) = m0. Then, for any section X and Y of H , gσ(x)(X
v, Y v) on
each fiber Fx = π
−1(x) only depends on x. We end the proof by using the same arguments as in the proof
of Theorem 3.3 of [55].
Now, we assume that we have an almost cotangent structure Ω on TM. Choose a Riemaniann metric g on
TM. Then, according to the proof of Proposition 4.1.1 part (i), to the pair (g,Ω) we can associate an almost
tangent structure J on TM. 
Remark 4.1.1.
According to the proof of the previous Proposition, in this context, we have an atlas of chart {Uλ, ([xλ]i, [yλ]α)
and a system of basis {[eλ]α} of H such that the associated vertical basis is given by [Vλ]α = ([eλ]α)v. It
follows that the transition functions are of type:
[xλ]
i = [Ψλµ]
i([xµ]
j) [yλ]
α = [Φλµ]
α
β([xµ]
j)[yµ]
β + [φλµ]
β([xµ]
j) [eλ]α = [Gλµ]
β
α([xµ]
j)[eµ]β ,
where the matrix ([Φλµ]
α
β) is the inverse of the matrix ([Gλµ]
β
α) .
If Ω is an almost cotangent structure on TM, according to the proof of Proposition 4.1.1, in this context
again, given any section Xˆ of H, we can define a vertical lift X ∗v in (VM)∗ by X ∗v = Ω♭(X ). Therefore
we have an atlas of charts {Uλ, ([xλ]i, [yλ]α) and a system of basis {[eλ]α} of H such that for the associated
vertical dual basis [Wλ]α = ([eλ]α)∗v. It follows that the transition functions are of type:
[xλ]
i = [Ψλµ]
i([xµ]
j) [zλ]
α = [Φλµ]
α
β ([xµ]
j)[zµ]
β + [φλµ]
β([xµ]
j) [eλ]α = [Gλµ]
β
α([xµ]
j)[eµ]β
where the matrix ([Φλµ]
α
β) is equal to the matrix ([Gλµ]
β
α) . Note that, as in the proof of Proposition 4.1.2, if
J = g♯ ◦ (Ω♭) we will have g♯([Wλ]
α) = [Vλ]α. Therefore, in general, these locally affine fibration structures
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are not compatible as ”locally affine fibration structures ”, but, according to the relation g♯([Wλ]α) = [Vλ]α
we can consider that g is a ”link” between both these structures.
For the illustration of the existence of almost tangent or cotangent structures, we mention the following
classical cases (see more original Examples in subsection 4.2):
On TA, the vertical endomorphism J is a canonical almost tangent structure and on TA∗ the almost
canonical symplectic form ω = dTA
∗
θ is an almost cotangent structure. In particular, when A = TM , we
get the canonical almost tangent and cotangent structure on TM and T ∗M respectively. Moreover, when A
is a Lie algebroid, the vertical endomorphorm J is ”integrable” on TA and the canonical symplectic form ω
on TA∗ is exact. More generally we introduce :
Definition 4.1.2.
An almost tangent structure J on TM is called integrable if its Nijenhuis tensor NJ vanishes:
NJ (X ,Y) = [JX ,JY]P − J [JX ,Y]P − J [X ,JY]P ≡ 0.(4.3)
we have the following characterization of an integrable almost tangent structure :
Proposition 4.1.3.
Assume that J is an almost tangent structure on TM and denote by (J βα ) its associated matrix in some
canonical local basis {Xα,Vβ} of TM around m ∈M.Then the following properties are equivalent:
(i) NJ = 0;
ii) around any m ∈ M there exists a canonical local basis {Xα,Vβ} of TM such that, with the previous
notations if (J˜δγ ) = (J
β
α )
−1, we have
∂J˜βα
∂yγ
=
∂J˜Bγ
∂yα
;
(iii) for each m ∈ M there exists a coordinate system (x¯i, y¯α) around m compatible with π and a basis
{e¯α} of A, such, in the corresponding local basis {X¯α, V¯β} of TM we have J X¯α = V¯α.
Proof.
According to (4.3), and the properties of the bracket of the canonical basis {Xα,Vβ} we have:
NJ (Xα,Xβ) = (J γα
∂J δβ
∂yγ
− J γβ
∂J δα
∂yγ
)Vδ and NJ (Xα,Vβ) = NJ (Vα,Vβ) = 0.
Therefore, NJ ≡ 0 is equivalent to J γα
∂J δβ
∂yγ
−J γα
∂J δα
∂yγ
= 0 and this last relation is equivalent to
∂J˜βα
∂yγ
=
∂J˜βγ
∂yα
(see [28]).
Assume that NJ ≡ 0. We set V¯α = JXα. As we have seen previously, it follows that [V¯α, V¯β ]P = 0.
From the properties of [ , ]P , the vector fields {ρˆ(V¯α)} on M commute for the usual Lie bracket on M
. Therefore, from the coordinates (xi, yα) on M, we can obtain a new coordinate system (x¯i, y¯α) of type
x¯i = xi and y¯α = φα(x, y) such that ρˆ(V¯α) =
∂
∂y¯α
= J βα
∂
∂yα
. Moreover, with this system (x¯i, y¯α) and the
initial basis {eα} of A one can associate a local adapted basis {X¯α, V¯β}. If we write yβ = ψβ(x¯, y¯), we have
ρ(eα) = ρ¯
i
α
∂
∂x¯i
and so X¯α = Xα +
∂ψβ
∂x¯i
ρ¯iαVβ. Thus we obtain:
J X¯α = J (Xα +
∂ψβ
∂x¯i
ρ¯iαVα) = V¯α.
The converse is elementary.

Remark 4.1.2.
If J is integrable, in the context of Proposition 4.1.3 (iv), let (xi, yα) be a coordinate system around some
point m ∈M compatible with π and a local basis {eα} of A such that the associated basis {Xα,Vα} satisfies
JXα = Vβ .(4.4)
Therefore, we have a covering of M by chart domains, each one being associated with a coordinate system
as previously, and a local basis {eα} such that the corresponding basis of TM satisfies the property (4.4). It
follows that we have the following type of transition functions between such coordinate systems and local basis
of A
e¯α = A
β
α(x)eβ , x¯
i = Ψi(x), y¯α = A¯αβ(x)y
β + φα(x¯) with (A¯αβ ) = (A
β
α)
−1.(4.5)
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This implies that we obtain a particular sub-atlas associated with J which is a locally affine fibration. This
structure will be called the J -locally affine fibration.
Recall that on TA∗, we have a canonical almost cotangent structure Ω = −dA
∗
θ where θ is the Liouville
form. More generally we introduce
Definition 4.1.3.
We will say that Ω is an exact or a locally exact almost structure on TM if there exists a global semi-basic
1-form θ or a local semi-basic 1-form θ around each point of M respectively, such that Ω = −(dPθ) is
symplectic.
As θ vanishes on VM and VM is stable under the bracket [ , ]P , from Cartan formulae, it follows that an
exact or a locally exact almost structure on TM is really an almost cotangent structure on TM. Moreover,
according to Remark 2.5.1, this property depends only on the choice of the bracket [ , ]A Classically, given a
regular Lagrangian L : A → R (i.e. rank(
∂2L
∂yα∂yβ
) = k in local coordinates) on a Lie algebroid, the Cartan
1-form is θL = J
∗(dPL) and we obtain an almost cotangent structure ωL = −dPθL on TA which is locally
written:
ωL =
∂2L
∂yα∂yβ
Xα ∧ Vβ +
1
2
(
∂2L
∂xi∂yα
ρiβ −
∂2L
∂xi∂yβ
ρiα +
∂L
∂yγ
Cγαβ)X
α ∧ X β .(4.6)
As in [58], we introduce:
Definition 4.1.4.
Let J be an almost tangent and Ω an almost cotangent structure on TM respectively. We say that (M,J ,Ω)
is locally Lagrangian, if, for any m ∈ M there exists a local function L on M such that locally Ω = −dPθL
where θL = J ∗(dPL).
Now, we have the following characterization of a locally Lagrangian almost cotangent structure (compare
with [58]):
Proposition 4.1.4.
Consider an almost tangent structure J and an almost cotangent structure Ω on TM respectively. Assume
that J is integrable. Then (M,J ,Ω) is locally Lagrangian if and only if J and Ω are compatible and Ω is
exact.
Proof.
We first begin by an observation. Since J is integrable, according to Proposition 4.1.3, there exists a co-
ordinate system (xi, yα) compatible with π and a basis {eα}, such that in the corresponding local basis
{Xα,Vβ} we have JXα = Vβ . Given a function L on M defined on the domain of the previous chart we set
θL = J ∗(dPL). In the dual basis {Xα,Vβ}, associated with the previous basis {Xα,Vβ} the 2-form −dPθL
can be written as in (4.6).
Now, assume that (M,J ,Ω) is locally Lagrangian. This implies that there exists a local function L such
that Ω = −dPθL with θL = −J ∗dPL so θ vanishes on VM and then, Ω is locally exact. On the other hand,
as J is integrable, from the previous observation, we have a coordinate system (xi, yα) and an associated
dual basis {Xα,Vβ} such that Ω can be written as in (4.6). Therefore we obtain
Ω(Xα,JXβ) = −Ω(JXα,Xβ) =
∂2L
∂yα∂yβ
.(4.7)
Moreover, as JVα = 0, it follows that Ω and J are compatible (cf Proposition 4.1.1).
Conversely, assume that J and Ω are compatible and let θ be a local 1-form such that Ω = dPθ and θ
vanishes on VM. In the previous basis we have the decomposition θ = µβX β , and therefore we obtain
Ω =
1
2
(LPXαµβ − L
P
Xβµα − µγC
γ
αβ)X
α ∧ X β − LPVβµαX
α ∧ Vβ.
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Let us notice that we have LPVβµα =
∂µα
∂yβ
. If moreover, J and Ω are compatible, then the matrix of general
term LPVβµα must be symmetric and so we get
∂µα
∂yβ
=
∂µβ
∂yα
. It follows that there exists a local function L
such that µα = −
∂L
∂yα
, and we have Ω = dP(J ∗dPL). We conclude that (M,J ,Ω) is locally Lagrangian. 
4.2. Semispray and almost tangent structure.
In this section we will define a generalization of the notion of semispray on a Lie algebroid. For this
purpose, we need the following Lemma.
Lemma 4.2.1.
(i) Let Z be a local section of TM around some point m ∈ M and {Vα} a local basis of VM around
m. Then the vector space BZ(m) ⊂ TM spanned by the set
{V1(m), · · · ,Vk(m), [Z,V1]P(m), · · · [Z,Vk]P(m)}
in TmM is independent of the choice of the basis {Vα} and the choice of the bracket [ , ]A .
(ii) If Z is a global section of TM then the correspondence BZ : m → BZ(m) is a smooth distribution
on M
Proof.
First of all we can notice that we have [Z, fV ]P = LPZ(f)V + f [Z,V ]P . This implies that the vector space
BZ(m) is independent of the choice of the basis {Vα} and also that BZ is a smooth distribution. Now, given
a canonical basis {Xα,Vβ} of TM associated with a coordinate system (xi, yα) we have a decomposition of
type Z = ZαXα + Z¯βVβ. Then modulo the vertical bundle we have [Z,Vγ ]P ≡ −
∂Zα
∂yγ
Xα.
Therefore BZ is locally generated by {
∂Zα
∂yγ
Xα,Vγ}γ=1,...,k and so BZ(m) does not depend on the choice
of the bracket [ , ]A.

Definition 4.2.1.
A global section S of TM is called a semispray on M if the associated distribution BS is equal to TM
Remark 4.2.1.
Consider two almost brackets [ , ]1 and [ , ]2 on A such that (A,M, ρ, [ , ]k) is a pre-Lie algebroid for
k = 1, 2. According to Lemma 4.2.1, any semispray S relative to (A,M, ρ, [ , ]1) is also a semispray relative
to (A,M, ρ, [ , ]2)
The Definition 4.2.1 is then justified by the following result:
Proposition 4.2.1.
(i) For any semispray S on M there exists a unique almost structure J on TM associated with S,
characterized by J [S,V ]P = −V for all vertical section V.
Moreover, for any vertical section V of TM or any non zero function f on M , the sections S ′ = S+V
and S
′′
= (f ◦ π)S are also semisprays on M and the almost structures respectively associated with
S ′ and S” are J and (f ◦ π)J .
(ii) Set C = JS. Then we have the following:
(a) J is integrable and we have (LPC J ) = −J
6;
(b) for any m ∈ M, there exists a system of coordinates (xi, yα), compatible with π and a basis
{eα} of A such that, in the associated basis {Xα,Vβ} of TM around m ∈M, we have the following
properties:
ρˆ(Vα) =
∂
∂yα
JXα = Vα S = y
αXα + S
βVβ C = y
αVα.(4.8)
6Recall that, if I is an endomorphism of TM the Lie derivative LP
S
I is given by:
LPS I(X ) = [S,IX ]P − I[S,X ]P
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Remark 4.2.2.
Let J be the almost tangent structure associated with a semispray S defined in Proposition 4.2.1. From the
Property (b) of Part (ii), we have
LPSJ (V) = −J [S,V ]P = V
for all vertical section V.
According to the previous Remark we have:
Definition 4.2.2.
An almost tangent structure J on TM is called an almost tangent structure compatible with a semispray S
if we have [LPSJ ]|VM = Id|VM.
Under the assumption of part (ii) of Proposition 4.2.1, we have a global vertical section C = JS so that,
in some appropriate local coordinates around some m ∈ M, on each vertical fiber of TM, the vector field
C = ρˆ(C) is an infinitesimal homothety. It follows that C is an Euler vector field on the fibration π :M→M
(see subsection 2.3). In particular, this fibration is a locally linear fibration. Therefore, naturally we introduce
Definition 4.2.3.
A global vertical section C is called an Euler section on M, if around any point m ∈ M, there exists a
coordinate system (xi, yα) compatible with π such that in the associated basis {Vα} of VM we have C = yαVα
It is clear that if there exists an Euler section C on M, then, since ρˆ is an isomorphism from VM to
VTM, there exists an Euler vector field C onM such that ρˆ(C) = C and so we have an Euler section onM
if and only if we have a locally linear fibration structure on M (see Proposition 2.3.1). Now, in some sense,
we have the following converse of part (ii) of Proposition 4.2.1:
Proposition 4.2.2.
Assume that there exists an almost tangent structure J on TM and an Euler section C on M such that
(LPC J ) = −J . Then J is integrable and there exists a semispray S, such that J is compatible with S.
Finally, any other section S ′ , such that JS ′ = C can be written S ′ = S +V for some vertical section V, and
is a semispray, S ′ has the same properties as S. In particular, the set of semisprays S such that JS = C has
an affine structure.
This result leads to the following Definition:
Definition 4.2.4.
An almost tangent structure J on TM is called compatible with an Euler section C on M, if we have
(LPC J ) = −J .
Now we shall give some examples which illustrate the context of Proposition 4.2.1 and Proposition 4.2.2.
Note that this context also occurs on compact fibered manifolds (see Example 4.2.3).
Example 4.2.1.
On TA the Liouville section C is an Euler section, the vertical endomorphism is an integrable almost tangent
structure, and we have LPC J = −J . In this context, classically a semispray is a section S such that JS = C.
From Proposition 4.2.2, S satisfies the assumptions of Definition 4.2.1. If M is an open submanifold of A
so that π = τ|M :M→M is a fibration, all these data induce on TM an Euler section, an integrable almost
structure, and a semispray .
Example 4.2.2.
Let (A,M, ρ[ , ]A) be a Lie algebroid and A∗ the dual of A. On TA∗ we have a canonical almost cotangent
structure, so there exists an almost tangent structure J . On the other hand, we also have an Euler section
C which is compatible with J (cf [44]). It follows that the assumptions of Proposition 4.2.2 are satisfied, and
then, there always exists a semispray on A∗. Regular Hamiltonian vector fields on A are particular semisprays
in this context (for a complete description see [44]). Again when M is an open submanifold of A∗ such that
π = τ∗|M :M→M is a fibration, such structures can be induced from global ones on A
∗.
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Example 4.2.3.
According to Example 2.3.2, consider the fibration π : Sh−1 × S2n+1 → S2n. We have seen that there exists
an Euler vector field C on this fibration. On the other hand consider the Torus action ψ : Tn ×CPn → CPn.
Then classically we get a Lie algebroid structure (A = CPn×Rn,Ψ,CPn, [ ; ]). Then, for h = n the manifold
M = Sn−1 × S2n+1 is a fibered manifold π :M→ S2n. Then we can consider prolongation π1 : TM→M
of the previous Lie algebroid. Since A is trivial, we have a global basis {X1, · · · ,Xn,V1, · · · ,Vn} (see also
Example 2.3.2). Thus the endomorphism J of TM defined by JXα = Vα and JVα = 0 is an almost tangent
structure and according to (2.6), J is compatible with C. Therefore, according to Point (ii) of Proposition
4.2.1 the assumptions of Proposition 4.2.2 are satisfied, and then, there always exists a semispray on M.
Note that on the usual tangent bundle T (S2n−1 × S2n+1) we also have an almost tangent structure and an
Euler vector field and so S2n−1 × S2n+1 is an almost tangent manifold in the sense of [59].
In fact, this construction can be extended to a larger context:
Let πˆ : Mˆ → M be a S1-bundle over M and assume that we have a right action of a Lie group G on M .
Thus we get a Lie algebroid (M ×G,Ψ,M, [ , ]) where G is the Lie algebra of G. Then we also have a fibered
manifold π : M = Sh−1 × Mˆ → M (h =dim G) and on the prolongation TM of the previous algebroid, we
have an Euler section and an almost tangent structure.
We now end this subsection by the proof of the previous Propositions.
Proof of Proposition 4.2.1.
Denote by [VM]m and [TM]m the respective fiber of VM and TM over m ∈M. According to the proof of
Lemma 4.2.1 the correspondence VA → −Cl([S,VA]P) from [VM]m to [TM]m/[VM]m, where Cl( ) denotes
the equivalent class in the quotient space, is well defined. If we choose another basis {X¯α, V¯β}, we have a
field (Λγβ) of invertible matrices such that V¯β = Λ
γ
βVγ and we have
[S, V¯β ]P = dΛ
β
β(ρˆ(S))Vγ + Λ
γ
β [S,Vα]P .
This implies that we can define a linear map Jˆm : [TM]m → [TM]m/[VM]m by
Jˆ (m)(Vα) = −Cl([S,Vα]P).
This map gives rise to an isomorphism Jˆ between VM and TM/VM. If ̟ : VM → TM/VM is the
natural projection we set J = ̟ ◦ Jˆ−1. By construction, J is an almost tangent structure.
Recall that LPSJ (V) = −J [S,V ]P for all vertical sections V . Therefore, from the construction of J , we then
have:
J [S,V ]P = −V = −LPSJ (V).
Now, let J ′ be another almost tangent structure such that LPSJ
′(V) = V for all vertical sections V . Consider
any basis {Vα} of VM associated with a coordinate system (xi, yα). Then if we set Yα = −[S,Vα]P , then
{YA,VB} is a basis of TM and we have JYα = Vα. From our assumption on J
′, we have
Vα = L
P
SJ
′(Vα) = −J
′[S,Vα]P = J
′Yα,
and then J is unique.
Now consider S ′ = S + V . In an adapted basis {Yα,Vβ}, we have
[S ′,Vβ ]P = [S,Vβ ]P + [V ,Vβ]P
But [V ,Vβ]P is always vertical, so, in TM/VTM we have
̟[S ′,Vβ ]P = ̟[S,Vβ ]P .
It follows that S ′ is also a semispray which has the announced properties.
Finally, consider S ′′ = (f ◦ π)S. In a local basis {Xα,Vβ} we then have:
[S
′′
,Vβ ]P = −(
∂(f ◦ π)
∂yβ
)S + (f ◦ π)[S,Vβ ]P .
But, from our assumption,
∂(f ◦ π)
∂yβ
= 0. As f is a nonzero function, it follows that S
′′
is also a semispray
which has the announced properties.
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This ends the proof of Part (i).
From now on, we consider the context of the assumptions of part (ii).
Fix a local basis {Xα,Vβ} associated with some coordinate system (xi, yβ) and a local basis {eα} of A around
some point m ∈ M. In this basis, S can be written S = SαXα + SβVβ and then, from the construction of
J , we get
J [S,Vβ ]P = −J (
∂Sα
∂yβ
Xα) = −Vβ.
Therefore, the matrix (
∂Sα
∂yβ
) is of maximal rank k. Therefore there exists a coordinate system (x˜i = xi, y˜α)
(compatible with π), and if Φ is the corresponding diffeomorphism, we have (S1 ◦ Φ−1, · · · , Sk ◦ Φ−1) =
(y˜1, · · · , y˜k). If {X˜β, V˜B} is the canonical basis associated with (x˜i, y˜A) and the same basis {eα} of A, we
have a decomposition S = y˜αX˜a + S˜βV˜β . But according to the construction of J , in these coordinates we
have
(i) J [S, V˜β ]P = −J (X˜β) = −V˜β.
Therefore we obtain
(ii) C = JS = y˜βV˜β .
It follows that J is integrable. On the other hand, recall that :
LPC J (X ) = [C,JX ]P − J [C,X ]P .(4.9)
From this expression we obtain LPC J˜ (V˜β) = 0 and according to (i) and (ii), we have [C, X˜α]P = 0. Finally we
obtain
LPC J (X˜α) = −V˜α = −J X˜α. This ends the proof of part (ii)

Proof of Proposition 4.2.2.
Consider a coordinate system (xi, yα) and an associated canonical basis {Xα,Vβ} of TM such that C = yαVα.
We have JXα = JβαVβ. Since the matrix (J
β
α ) is invertible, we can build a local basis {Yα,Vβ} of TM such
that JYα = Vα. As J is compatible with C, we have [C,Vα]P − J [C,Yα]P = −Vα (cf. (4.9)). Therefore, we
must have J [C,Yα]P ≡ 0 for all α = 1, · · · , k.
Now in the previous local canonical basis {Xα,Vβ} of TM we have a decomposition of type Yα = Y βα Xβ . It
follows that J [C,Yα]P = yβ
∂Y γα
∂yβ
JγµVµ. As the matrix (Jµγ ) is invertible, it follows that we obtain y
β ∂Y
γ
α
∂yβ
≡ 0
for all α, γ = 1, · · · , k , on some neighbourhood of m. This implies that, each function Y γα only depends on
x for all α = 1 · · · , k and γ = 1, · · · k.
Consider e¯α = Y
γ
α eγ for α = 1, · · · , k. Since the rank of the matrix (Y
γ
α ) is k, we get a new basis {e¯α} of
A and an associated canonical basis {X¯α,Vβ} of TM such that C = y
βVβ . Moreover, by construction, we
have Yα = X¯α so J X¯α = Vβ. Therefore J is integrable.
Consider a subbundle H such that TM = VM⊕H then, the restriction JH of J to H is an isomorphism.
Consider S = J −1
H
C. By construction, we have JS = C. We have already proved that J is integrable, and,
there exists a canonical basis {Xα,Vβ} of TM such that JXα = Vα and C = y
αVα. Therefore in this basis
we have :
S = yαXα + SβVβ
Recall that [Xα,Vβ ]P = 0. Thus we obtain
[S,Vγ ]P = −Xγ −
∂Sβ
∂yβ
Vβ.(4.10)
It follows that S is a semispray. Moreover, we have LPSJ (Vα) = −J [S,Vα]P = JVα. This implies that J is
compatible with S.
The proof of the last part is left to the reader. 
Remark 4.2.3.
From the proof of Proposition 4.2.2, around any m ∈ M, there exist coordinates (xi, yα) on M compatible
with π and a canonical basis {Xα,Vβ} of TM such that JXα = Vα and C = yαVα, and each semispray S
such that JS = C can be written S = yαXα + SβVβ.
In particular, in such a coordinate system, C = ρˆ(C) generates locally a flow of homotheties on each fiber.
GEOMETRICAL STRUCTURES ON THE PROLONGATION OF A PRE-LIE ALGEBROID ON FIBERED MANIFOLDS AND APPLICATION TO FOLIATED ANCHORED BUNDLE25
Therefore the set of such charts when m varies in M defines a locally linear fibration structure on M whose
associated atlas is a sub-atlas of the atlas associated with the affine structure on M corresponding to the
existence of the almost tangent structure J (cf. Proposition 4.1.2 and Remark 4.1.1).
Moreover the atlas associated with locally linear fibration defined by the Euler vector field C = ρˆ(C) is a
sub-atlas of the atlas of the J -locally affine fibration (cf Remark 4.1.2). Note that, when M is an open set
of A such that π|M is a fibration, the previous locally linear fibration is exactly the differentiable structure
induced by the natural differential structure of vector bundle of A.
4.3. Semispray and almost cotangent structure.
We will introduce the notion of ”regular semi-Hamiltonian” which will appear as the dual notion of semis-
pray via an almost cotangent structure.
In this subsection we assume that there exists a locally affine fibration structure on M. For instance, if
there exists an almost tangent structure we can choose the associated locally affine structure or the locally
affine structure associated with a cotangent structure on a TM (cf. Proposition 4.1.1 or Remark 4.1.1).
According to some fixed locally affine fibration structure, for any two coordinate systems (xi, yα) and (x¯i, y¯β)
on M whose domain are not disjoint, we have
y¯α = Φαβ(x)y
β + φβ(x).(4.11)
Lemma 4.3.1.
Let η be a 1-form on TM such that (dPη)|VM = 0. Around each point m ∈ M there exists a function L
such that (dL)|VM = η|VM. Moreover, the rank of the hessian
∂2L
∂yα∂yβ
(m) is independent of the choice of
such a function L and the choice of the coordinate system compatible with the chosen locally affine fibration
structure.
Proof.
Choose a local coordinate system (xi, yα) around some point m ∈ M compatible with the chosen locally
affine fibration structure, a basis {eα} of A, and let {X
α,Vβ} be the associated dual basis. Then we have a
local decomposition η = ηαXα + η¯βVβ . According to (2.8) we get
(dPη)|VM =
1
2
(
∂η¯C
∂yβ
−
∂η¯β
∂yγ
)Vβ ∧ Vγ .
The condition (dPη)|VM = 0 is equivalent to
∂η¯β
∂yγ
=
∂η¯γ
∂yβ
for any index β, γ. Therefore there exists a smooth
function L on a neighbourhood of m such that (dPL)|VM = η|VM. Now if L
′ has the same property, then in
some neighbourhood of m, the function L− L′ is a basic function (i.e. L depends only on the variables xi).
Then the last property is clear.

On the tangent bundle, in [38], G. Mitric introduces the concept of ”regular 1-form” which was generalized
by the notion of semi-Hamiltonian on the dual of a Lie algebroid introduced in [43]. This motivates the
following definition:
Definition 4.3.1.
Given a locally affine fibration on M, a 1-form η on TM will be called a regular semi-Hamiltonian if
(dPη)|VM = 0, and for any m ∈ M, if L is a function such that (d
PL)|VM = η|VM around m, then the
rank of the hessian
∂2L
∂yα∂yβ
(m) is maximal in a coordinate system (xi, yα) compatible with the fixed locally
affine fibration structure.
We have seen that the compatibility of J and C is crucial in the existence of semispray S such that
JS = C. In a dual way, if A is a Lie algebroid, on TA∗, denote by θ the Liouville form and Ω = −dPθ the
canonical symplectic form. Then we have θ = −iCΩ if C is the Euler vector field on TA∗ and in this case we
have LCΩ = −Ω (see [43]). In fact we have the following characterization
LCΩ = −Ω⇐⇒ θ = −iCΩ and Ω + dPθ is semi-basic.
Unfortunately, in general, this equivalence is no longer true when the Jacobi identity is not satisfied (i.e.
dP ◦ dP 6= 0). Therefore in our context, for a notion of ”compatibility” of an almost cotangent structure Ω
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and an Euler section, we adopt a generalization of the notion of ”Liouville manifold” defined in [57] which
corresponds to the right properties of the previous equivalence as is given in the Lemma 4.3.1.
Definition 4.3.2.
If Ω is an almost cotangent structure on TM, then Ω is of Liouville type if there exists a semi basic 1-form
θ on TM, whose kernel contains the kernel of Ω and such that Ω + dPθ is semi-basic. In this case θ will be
called an almost Liouville form associated with Ω.
The denomination ” almost Liouville form” for such θ is justified by the Part (ii) of the following Propo-
sition:
Proposition 4.3.1.
Let Ω be an almost cotangent structure on TM.
(i) In Definition 4.3.2, the condition ”Ω˜ + dPθ is semi-basic” only depends on the choice of the bracket
[ , ]A. Moreover θ and θ
′ are two almost Liouville forms associated with Ω, if and only if there exists
a global section σ of A∗ such that θ′ = θ + π∗Aσ.
(ii) Assume that Ω is of Liouville type and η be an almost Liouville form associated with Ω. Then there
exists a unique Euler section C such that θ = −iCΩ. Moreover around each point m ∈M, there exists
a coordinate system (xi, yα) compatible with the locally linear fibration structure associated with C and
an associated canonical basis {Xα,Vβ} such that C = yαVα and θ = yαXα in the corresponding dual
basis {Xα,Vβ}.
(iii) if Ω = −dPθ is any exact almost cotangent structure on TM then Ω is of Liouville type
The proof of this Proposition will be given at the end of this paragraph.
Remark 4.3.1.
Given an almost Liouville form η associated with an almost cotangent structure Ω on TM, any θ′ = θ+π∗A(σ)
is an almost Liouville form associated with Ω. Now if C and C′ are the Euler sections associated with θ and
θ′ then Z = C′−C is a vertical section such that in any coordinate system (xi, yα) compatible with the locally
linear fibration structure defined by C we have:
Z = Zβ(x)Vβ .
Therefore all these Euler sections gives rise to a natural sub-atlas of locally affine fibration. This sub-atlas,
will be called the locally affine fibration structure associated with Ω
Now, we are in situation to give a link between semisprays and regular semi-Hamiltonians in the following
result.
Theorem 4.3.2.
(i) Given an almost cotangent structure Ω on TM and η a regular semi-Hamiltonian, we have the
following properties:
(a) there exists a canonical pseudo-Riemannian metric g on VM associated with η whose locally
matrix is (
∂2L
∂yα∂yβ
) in a local basis {Vα} of VM associated with some coordinate system (xi, yα)
compatible with the chosen locally affine fibration structure.
(b) There exists a unique almost tangent structure J onM compatible with Ω and such that g(J , ) =
Ω( , )
(c) The equation iSΩ = η defines a unique section of TM. Moreover, on TM, there exists a basis
{Yα,Vβ} and a coordinate system (xi, yα) such that if {Xα,Vβ} is an associated canonical basis we
have:
Yα = Y
β
α X
β JYα = Vα S = y
αYα + S
βVβ and CS = JS = y
αVα.
In particular CS is an Euler section.
(ii) Assume that Ω is an almost cotangent structure of Liouville type on TM. Consider a regular semi
Hamiltonian η relative to the locally affine fibration structure assocated to Ω (see Remark 4.3.1).Then,
according to the corresponding data associated to Ω and η as build in Part (i), the almost tangent
structure J is integrable and S is an almost semispray. Moreover, J is compatible with S and the
Euler section JS. Finally, around each point m ∈ M there exists coordinate system (xi, yα) (com-
patible with the chosen locally affine fibration structure) and an associated canonical basis {Xα,Vβ}
of TM with the same properties of (c) .
GEOMETRICAL STRUCTURES ON THE PROLONGATION OF A PRE-LIE ALGEBROID ON FIBERED MANIFOLDS AND APPLICATION TO FOLIATED ANCHORED BUNDLE27
Remark 4.3.3.
(1) From the property (c) of Part (i) in Theorem 4.3.2, and according to Remark 4.2.3, the Euler section
CS gives rise to a locally linear fibration which is compatible with the locally affine fibration associated
to J . However this last structure is not, in general, compatible with the chosen initial locally affine
fibration structure. Again the link between these two structures is given by gη, as it is explained
in Remark 4.1.1. For example, when M is the dual bundle A∗ of A, we have on M the natural
structure of vector bundle. This structure corresponds to the ”locally affine fibration” associated with
the canonical Cartan form on TA∗. The notion of regular semi-Hamiltonian on A∗ is based on this
structure (see Example 4.3.1 1. or [43] for a more complete description).
Moreover, in general the basis {Yα,Vα} built is not a canonical basis of TM associated with some
coordinate system (xi, yα) on M. Then, this local decomposition does not give good ”informations”
on rank of the family [S,VA]P , although θ is a regular semi-Hamiltonian. Therefore, in general,
without complementaries properties on Ω, S will not be a semispray.
(2) In Part (ii) of Theorem 4.3.2, the almost tangent structure J is compatible with the Euler section
CS = JS. Given some almost Liouville form θ associated with Ω, we denote by Cθ the Euler section
defined by iCθΩ = θ. In general J is not compatible with the given Euler section C. Again, in this
context, on M we have two distinct locally affine fibration structures: one which is associated with Ω
and the other which is associated with CS . Again the link between these two structures is given by gη.
Examples 4.3.1.
1. If θ is the Liouville 1-form on TA∗ then the canonical Cartan form Ω = −dPθ is a global exact almost
structure which is of Liouville type. Given any open submanifold M of A∗ fibered on M , then Ω in restric-
tion to TM has the same properties. Consider any regular Hamiltonian H on M i.e. the vertical hessian
(
∂2H
∂yα∂yβ
), with respect to the canonical bundle structure on A∗, has maximal rank k. Then H is clearly
a regular semi-Hamiltonian according to Definition 4.3.1. Thus we get an associated almost semispray S
solution of the equation iSΩ = d
PH usually called the associated Hamiltonian section.
2. Let M be an open submanifold of A fibered on M and provided with the locally affine fibration induced
by the structure of vector bundle of A. Consider a regular Lagrangian L on M (i.e. the hessian (
∂2L
∂yα∂yβ
),
with respect to the previous locally affine fibration has maximal rank k). As classically, if J and C are the
canonical almost tangent structure and Euler section on TM respectively, we get an induced almost tangent
structure and almost Euler section on TM again denoted J and C respectively. Then Ω = −dPJ ∗(dPL) is an
almost cotangent structure on TM of Liouville type, and which is compatible with J . The canonical almost
semispray S associated with the Hamiltonian LPC (L)−L gives rise to the associated Euler-Lagrange equations.
3. Consider a subbundle M of A as in the context of Example 4.2.2. We endow M with the linear struc-
ture induced by the natural bundle structure on M. Fix some Riemannian metric g on TM. Then we get on
TMM⊂ TM a well defined bracket [ , ]P from the bracket [ , ]P on TM. We consider a regular Lagrangian
L on A . If J is the vertical endomorphism, consider Ω = −dPJ∗(dPL) any exact almost cotangent structure
on TA which is compatible with the canonical almost structure J . Assume that the induced 2-form Ω is
symplectic (which occurs if Ω comes from a regular Lagrangian on A). Then Ω is an exact almost cotangent
structure on TM. Therefore all the conclusions of Theorem 4.3.2 are valid in this context. Note that, when
we have a regular Lagrangian L on A whose hessian is positive definite, we have a canonical Riemannian
metric on TM and all the previous assumptions are satisfied in this case.
Now assume that we have an integrable almost tangent structure J on TM and an Euler section C. From
now on, we choose the locally linear fibration structure onM associated with this choice (see Remark 4.2.3).
We end this subsection by a particular case of almost cotangent structure of Liouville type:
Definition 4.3.3.
An almost cotangent structure Ω on TM is semi-Hamiltonian if there exists a regular semi-Hamiltonian θ
(according to the locally affine fibration structure) such that
Ω = −dPJ ∗(θ).
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Let L be a locally smooth function such that dPL|VM = θ|VM. According to the choice of the locally
affine fibration structure, we have a local basis {Xα,Vβ} such that:JXα = Vα, andΩ = ∂2L
∂yα∂yβ
Xα ∧ Vβ +
1
2
(
∂2L
∂xi∂yα
ρiβ −
∂2L
∂xi∂yβ
ρiα +
∂L
∂yγ
Cγαβ)X
α ∧ X β .
(4.12)
It follows that J ∗θ =
∂L
∂yα
Xα is an almost Liouville form. In particular, we get an Euler section Cθ associated
with θ via Ω but C 6= Cθ (cf. Remark 4.3.4). In Examples 4.3.1, 1. and 2., the almost cotangent structures
are semi-Hamiltonian (see also Example 6.3.1)
Proposition 4.3.2.
Assume that Ω is semi-Hamiltonian. Then we have:
(i) J is compatible with Ω, we have gθ(J , ) = Ω( , ) and (M,J ,Ω) is locally Lagrangian. Therefore
around any point m ∈M we can write Ω = −dPJ ∗dPL;
(ii) Let S be the section defined by iSΩ = LPC θ − θ. Then S is an almost semispray, we have JS = C
and J is compatible with S and with C.
(iii) Given any almost semispray S compatible with J , then the 1-form iSΩ is a semi-Hamitonian.
Remark 4.3.4.
Before the Proposition 4.3.2, we have seen that if Ω is semi-Hamitonian we have an Euler section Cθ associated
with Ω. According to the basis used in the previous proof and the local expression of Ω, we have Cθ =
∂L
∂yα
Xα.
It follows that Cθ is not equal to C. In particular, the locally linear fibration structure defined by Cθ is not
compatible with the locally linear fibration structure defined by C. Again, the link between the two structures
is given by the pseudo-Riemannian metric gθ associated with θ such that Ω = −dP(J ∗θ) (cf. Remark 4.1.1).
Proof of Proposition 4.3.1.
Consider a vertical section V and any section X . Since θ is semi-basic, according to Remark 2.5.1, dPθ
only depends on the choice of the bracket [ , ]A. Therefore in Definition 4.3.2, the condition ”Ω˜ + d
Pθ is
semi-basic” only depends of the choice of the bracket [ , ]A.
Assume that there exists a semi-basic 1-form θ such that Ω + dPθ is semi-basic. Choose any coordinate
system (xi, yα) and a local basis {eα} of A and consider the associated local basis {Xα,Vβ} of TM. In the
corresponding dual basis {Xα,Vβ} we have a decomposition of the type
θ = θαXα and Ω = gαβXα ∧ Vβ +
1
2
ωαβX
α ∧ X β
Therefore, under our assumption, we must have gαβ =
∂ηα
∂yβ
and then the rank of the matrix (gαβ) is k. It
follows that there exists a new system of coordinates (x¯i, y¯α) so that we have θ = y¯αX¯α.
In this context we get
Ω = X¯A ∧ V¯α +
1
2
ω¯αβX¯
α ∧ X¯ β .
Finally, we have a unique vertical section C such that iCΩ = −θ and we get
C = y¯αXˆα.
This implies that C is an Euler section.
If θ′ is another almost Liouville form associated with Ω and set ϑ = θ′− θ. Therefore in the previous local
basis we have a decomposition of the type: ϑ = ϑαXˆα.
As dPϑ must be semi-basic, we must have
∂ϑα
∂y¯β
≡ 0. Since each component ϑα only depends on x, with the
previous notations, on the chart domain, if we set σ = ϑαǫ
α where {ǫα} is the dual basis associated with the
chosen basis {eα} of A. Then π∗Aσ = ϑ. Since ϑ is globally defined, it follows that, in this way, we can build
a global section σ such that π∗Aσ = ϑ.
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Now, if Ω is exact, this means that there exists a semi-basic 1-form θ such that Ω = −(dPθ). Given a
canonical basis {Xα,Vβ} of TM, in the corresponding dual basis, we can write
θ = θαX a and then dPθ =
∂θα
∂yβ
Vβ ∧ Xα +
1
2
(
∂θβ
∂xi
ρiα −
∂θα
∂xi
ρiβ)V
α ∧ X β .
It follows that we obtain Ω + dPθ = 0. Therefore Ω + dPθ is semi-basic.

Proof of Theorem 4.3.2.
Choose a local function L (defined on an open U of M) such that dPL|VM = η. In affine coordinate
systems, according to (4.11) we have a matrix relation
(
∂2L
∂y¯α∂y¯β
) = (Φαγ )
t(
∂2L
∂yγ∂yδ
)(Φαγ ).
Since the matrix (
∂2L
∂yγ∂yγ
) does not depend on the choice of such a function L, and is a symmetric matrix
of rank maximal k, we get a pseudo-Riemannian metric g on VM.
Denote by g♯η the musical isomorphism induced by g from (VM)
∗ to VM and j : VM → TM the
canonical inclusion. If Ω♭ : TM→ TM∗ is the isomorphism associated with Ω and let H be the subbundle
Ω♭(j∗(VM∗). Then TM = H⊕VM and the almost tangent structure J is defined by:
J|VM = 0 and J|H = g
♯ ◦ j∗ ◦ Ω♭|H.
Consider a canonical basis {Xα,Vβ} associated with a coordinate system compatible with the chosen locally
affine fibration structure on M and a choice of a basis {eα} of A. Then we have a decomposition of type:
Ω =
1
2
ΩαβX
α ∧ X β + Ω¯αβX
α ∧ Vβ .
Since the matrix of general terms (Ω¯αβ) is invertible, consider the family of 1-forms {Yα = Ω¯αβXα}. We
obtain a dual basis {Yα,Vβ} so that we have the decomposition
Ω =
1
2
ωαβY
α ∧ Yβ + Yα ∧ Vα.(4.13)
In such a basis we have η = ηαYα+ η¯βVβ. According to Lemma 4.3.1, let L be such that, locally, (dPL)|VM =
η|VM =
∂L
∂yα
Vα. Since Ω is a symplectic form on TM, the equation iSΩ = η has a unique solution locally
given by:
S =
∂L
∂yα
Yα + (
1
2
ωαβ
∂L
∂yα
− ηβ)Vβ.(4.14)
According to the choice of the initial canonical basis {Xα,Vβ}, the matrix of gη is (
∂2L
∂yα∂yβ
) and we denote
by (gβα) the inverse of this matrix. We then have: JYα = g
β
αVβ . We consider a new coordinate system
(x¯i = xi, y¯α) such that
∂
∂y¯α
= gBA
∂
∂yα
. Then we have y¯A =
∂L
∂yα
− φα where φα is some function which only
depends on (xi). Of course, we have JYα = V¯α. In this new coordinate system S has a decomposition of
type
S = (y¯α + φα)Yα + S
βV¯β.
Therefore we obtain JS = (y¯α + φα)Vα. In particular, it follows that CS = JS is an Euler section. Now,
consider the new coordinate system (xˆi = x¯i = xi, yˆα = y¯α+φα) onM. The canonical basis associated with
this coordinate system and the initial choice of the basis {eα} is of type {Xα, Vˆβ}. For this new system, in
the associated basis {Yα, VˆB} ofTM, we get the required decomposition announced in property (c) of Part (i).
Assume that Ω is of Liouville type. Choose a canonical basis {Xα,Vβ} of TM associated with a coordinate
system (xi, yβ) compatible with the locally affine fibration structure associated with Ω, and to a local basis
{eα} of A. In this basis the matrix associated with gη is (
∂2L
∂yα∂yβ
) and, as in the proof of Part (i), denote
by (gβα) the inverse of this matrix. According to Proposition 4.3.1, in the corresponding dual basis {X
α,Vβ}
we have
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Ω =
∂2L
∂yα∂yβ
Xα ∧ Vβ +
1
2
ωαβX
α ∧ X β η = ηαX
α +
∂L
∂yβ
Vβ and JXα = gβαV
By the same argument used in the proof of Part (i) with Yα = Xα we build a new coordinate system
(xˆi, yˆα) such that in the canonical associated basis {Xˆα, Vˆβ} (associated with the same basis {eA} of A) we
have
J Xˆα = Vˆα S = yˆαXˆα + SˆβVˆβ .
It follows that CS = JS = yˆαVˆα and J is integrable.
Moreover, from the last decomposition of S, we have J [S, Vˆα]P = −Vˆβ . It follows that S is a semispray
and J is compatible with S. By similar arguments we also obtain that J is compatible with CS .

Proof of Proposition 4.3.2.
In this proof we only consider coordinate systems (xi, yα) compatible with the locally linear fibration structure
associated with C and associated adapted local basis {Xα,Vβ} of TM such that JXα = Vβ and C = yαVα
(see Remark 4.2.3).
Since Ω is semi-Hamiltonian, from the local decomposition (4.12 ) it follows that J is compatible with Ω
and gθ(J , ) = Ω( , ). Consider local basis {Xα,Vβ} such that we have C = yαVα and θ = θαXα +
∂L
∂yβ
Vβ .
Consider the 1-form LPC θ. Therefore we obtain:
LPC θ = y
β ∂θα
∂yβ
Xα + (
∂L
∂yα
+ yβ
∂2L
∂yα∂yβ
)Vα.(4.15)
It follows that we have
LPC θ − θ = y
β ∂
2L
∂yα∂yβ
Vα + (yβ
∂θα
∂yβ
− θα)X
α.(4.16)
According to the decomposition (4.12), the solution of iSΩ = LPC θ − θ has a decomposition of type S =
yβX β + SβVβ with Sβ characterized by:
∂2L
∂yα∂yβ
Sβ + yβ(
∂θα
∂yβ
−
∂2L
∂xi∂yβ
ρiα +
∂2L
∂xi∂yα
ρiβ −
∂L
∂yγ
Cγαβ) = θα.(4.17)
Since locally we have JXα = Vα, from the previous decomposition of S we get
[S,Vα] = −Xα −
∂Sβ
∂yα
Vβ
This implies that S is a semispray and J is compatible with S. Finally since C = yβVβ , it follows that J is
compatible with C, which ends the proof of Part (ii).
Given any semispray S compatible with J , from Proposition 4.2.1, with the previous notations, we locally
have S = yαXα + S
βVβ. We deduce that the ”vertical” components of iSΩ = η is then
∂2L
∂yα∂yβ
yαVβ .
Thus, if we set H =
1
2
LPC L− L, we obtain
∂2L
∂yα∂yβ
yαVβ =
∂H
∂yβ
Vβ . It follows that η is semi-hamitonian.

5. Nonlinear connections and semisprays
linear connections to our context and their links with almost tangent structures, Euler sections and semis-
prays.
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5.1. Non linear connection and almost tangent structure.
Classically, a nonlinear connection is a decomposition of this bundle in a Whitney sum TM = VM⊕HM.
Such a decomposition is equivalent to the datum of an endomorphism N of TM such that N 2 = Id with
VM = ker(Id +N ) and HM = ker(Id −N ) where Id is the identity morphism of TM. We naturally get
two projections:
hN =
1
2
(Id+N ) : TM→ HM and vN =
1
2
(Id−N ) : TM→ VM
vN and hN are called respectively the vertical and horizontal projector of N .
Proposition 5.1.1.
(i) Assume that there exists an almost structure J on TM. Then any nonlinear connection N on TM
satisfies
JN = J and NJ = −J .(5.1)
Moreover, an endomorphism N of TM is a nonlinear connection if and only if N satisfies the
relations (5.1) .
(ii) Let Υ be a semi-basic vector valued 1-form then N+Υ is a nonlinear connection on TM. Conversely,
given any nonlinear connection N ′ on TM, there exists a unique semi-basic vector valued 1-form Υ
such that N ′ = N +Υ.
(iii) Consider a semispray S onM and J the associated almost structure on TM (see Proposition 4.2.1).
We then have the following properties:
• The endomorphism NS = −LPSJ is a nonlinear connection on TM, where L
P is the Lie derivative
for tensor associated with [ , ]P . Moreover, NS only depends on the choice of the bracket [ , ]A.
• The vertical projector vS of NS satisfies the following relation, for any vertical section X :
vS [S,X ]P = −
1
2
J [S, [S,X ]P ]P .(5.2)
• the morphism HS : VM→ TM defined by
HSX = −[S,X ]P +
1
2
J [S, [S,X ]P ]P .(5.3)
is an isomorphism onto the horizontal space HS associated with NS whose inverse is the restriction
of J to HS .
Remark 5.1.1.
Consider a semispray S on TM and the associated tangent structure J . For any (local) section s of A, we
can define a vertical lift sv : M → TM by sv(m) = J (σ(π(m), X(m)) where X is any vector field on M
such that Tπ(V ) = ρ(s) (cf. proof of proposition 4.1.2). Given any two brackets [ , ]A and [ , ]
′
A on A, the
associated difference A-tensor T = [ , ]′A − [ , ]A can be lifted to a semi-basic tensor T
v on TM by:
T v((m, b, v), (m, b′, v′)) = [T ((π(m), b), (π(m), b′))]v
for any (m, b, v) and (m, b′, v′) in TmM.
According to subsection 2.5, let [ , ]P and [ , ]
′
P ) be the almost bracket prolongation [ , ]P and [ , ]
′
P on TM
associated with [ , ]A and [ , ]
′
A, respectively. Then, between the nonlinear connections NS and N
′
S associated
with S and the almost bracket [ , ]P and [ , ]′P respectively, we have the following relation
N ′S = NS + iST
v.
Proof of Proposition 5.1.1.
We only prove the announced properties of vS and HS . The others properties are classical.
For any vertical section X , from the definition of NS and the characteristic property of J , we have
NS [S,X ]P = [S,X ]P + J [S, [S,X ]P ]P .
Therefore, from the definition of vS we get (5.2) and from the definition of HS , the second member of (5.3)
is horizontal. It remains to show that the kernel of HS is {0}. Assume that HS(X ) = 0. Consider a local
canonical basis {Xα,Vβ} of TM. Now if X = fαVα, we get
[S,X ]P = L
P
S fαVα + fαXα.
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Then, according to (5.3), we have HS(X ) = 0 if and only if [S,X ]P is vertical and then we must have X = 0.
Finally, according to we have
J ◦ HS(X ) = −J [S,X ]P = X .

In a basis {Yα,Vα} such that JYα = Vα, a nonlinear connection is characterized by a matrix of type(
Id 0
−(2N βα ) −Id
)
and the general terms N βα are called the coefficients of the connection. In particular, we have hN (Yα) =
Yα −N βαVβ .
Now, under the assumptions of Proposition 4.2.2, we can choose a canonical basis such that C = yαVα (see
Remark 4.2.3) and in such a basis any semispray S can be written S = yαXα+SβVβ . Therefore in a canonical
basis {Xα,Vβ} which satisfies the relations (4.8), the connection NS associated with a semispray S are given
by:
N βα =
1
2
(−
∂Sβ
∂yα
+ Cβαδy
δ).(5.4)
We end this subsection by the notion of curvature of a connection which depends on the bracket [ , ]P .
Now, according to [24] we have:
Definition 5.1.1.
Let N be a nonlinear connection on TM. The curvature of N is the vector valued 2-form given by the
Fro¨licher- Nijenhuis bracket
RN = −
1
2
[hN , hN ]P .
Proposition 5.1.2.
(i) The curvature RN also has the following value:
RN (X ,Y) = −vN [hNX , hNY]P = RN (hNX , hNY).
In particular, RN is a semi-basic 2-form
(ii) Consider the nonlinear connection N associated with an almost semispray s S. Then Φ = vN ◦L
P
S vN
is a morphism from TM to VM such that Φ ◦ Φ = 0 and we have
ΦX = iSRNX − vN [vNS, hNX ]P .
Definition 5.1.2.
The endomorphism φ is called the Jacobi endomorphism associated with S
Proof of Proposition 5.1.2. :
We only prove the second Part. The first one is classical.
If N is the nonlinear connection of at semispray S, we have
vN ◦ LPS vN (X ) = vN [S, vNX ]P − vN [S,X ]P = vN [S, vNX −X ]P = −vN [S, hNX ]P .
Thus Φ is a morphism from TM to VM and with VM ⊂ kerΦ. From the last member of the previous
relation we get ΦX = iSRNX − vN [vNS, hNX ]P .

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5.2. Nonlinear connection and Euler section.
In this subsection, we assume that there exists an Euler section on M, an almost tangent structure J on
TM compatible with some semispray S such that JS = C.
Lemma 5.2.1.
Let N be a nonlinear connection on TM
(i) There exists a unique semispray S which is horizontal called the canonical semispray of N .
(ii) The connections N and N ′ = N +Υ have the same canonical semispray S if and only if ΥS = 0.
As classically we have:
Definition 5.2.1.
(1) Consider a semispray S. A curve γ : [a, b] → M is called an integral curve of S if there exists an
integral curve γˆ : [a, b]→M of the vector field ρˆ(S) on M such that γ = π ◦ γˆ.
(2) Let S be the canonical semispray of a nonlinear connection N . A geodesic of N is an integral curve
of S
Consider the canonical semispray S of a nonlinear connectionN onTM. Then, around each pointm ∈M,
there exists a coordinate system (xi, yα), defined on a connected open neigbourhood U of m and a canonical
basis {Xα,Vα} of TM (also defined on U) such that
JXα = Vα, C = yαVα and S = yαXα + SβVβ.
It follows that on the open set V = π(U) in M the integral curves of S or the geodesics of N (whose
canonical semispray is S) are locally characterized by the differential system of differential equations:{
x˙i = ρiαy
α
y˙α = Sα.
(5.5)
We end this subsection by the notions of torsion of a nonlinear connection and homogeneous connections
according to [24]:
Definition 5.2.2.
Let N be a nonlinear connection on TM.
(i) The week torsion of N is the 2- vector valued form: tN =
1
2
[J ,N ]P .
(ii) The tension of a connection N is the 1-vector valued form: HN =
1
2
LPC N
(iii) The strong torsion of N is the 1-vector valued form : TN = iStN −HN .
(iv) The tension of a semispray is the the section HS = S − [C,S]P .
As in the classical case ([24]), the vector valued forms tN , HN and TN are semi-basic. Moreover, we have
also the following results whose proofs are the same as the proofs of the corresponding results on the tangent
bundle TM found in [24]:
Proposition 5.2.1.
(i) let N be a nonlinear connection on TM. The following properties are equivalent:
(a) S is the canonical semispray of N ;
(b) HN (S) = HS ;
(c) TN (S) = HS .
(ii) The canonical semispray of a connection NS , associated with S, is
1
2
(S + [C,S]P). In particular, S
is the canonical semispray of NS if and only if the tension HS = 0
Theorem 5.2.1.
Let S be a semispray and T a semi-basic vector 1-form such that T(S) = HS . Then NS + T is the unique
nonlinear connection whose canonical semispray is S and its strong torsion is TN = T.
Corollary 5.2.1.
Two nonlinear connections N and N ′ have the same canonical semispray and the same strong torsion, if and
only if N = N ′
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Proof. Assume that N and N ′ have the same canonical almost semispray S and the same strong torsion T.
From proposition 5.2.1 we have T(S) = HS . Therefore from Theorem 5.2.1, we have
N = N ′ = NS + T.
The converse is trivial. 
Theorem 5.2.2.
Assume that the bracket [ , ]A satisfies the Jacobi identity.
(1) The weak torsion of any connection of type NS is zero;
(2) For any nonlinear connection N then TN = 0 is zero if and only if tN = 0 and HN = 0.
Remark 5.2.3.
Consider a nonlinear connection N and S its canonical semispray. As in the the classical case of TM , if the
tension HN 6= 0, then N is different from the connection NS associated with S. Moreover, in this case, the
strong torsion of N is never zero.
Finally, we look for some properties of homogeneous nonlinear connections. According to the classical
context of nonlinear connection (cf. [24]) we have:
Definition 5.2.3.
(i) a function f (resp. a l-form ω) is called r-homogeneous if LPC (f) = r.f (resp. L
P
C ω = r.ω). A vector
valued l-form ω is called r-homogeneous if [C, ω]P = (r − 1).ω.
(ii) A semispray S is a spray if S is 2-homogenous. .
The following properties are obtained in the same way as the classical case by an adapted proof or are
direct consequences of the previous theorems:
• S is a spray if and only if its tension HS is vanishes.
• A nonlinear connection N on TM is 1- homogeneous if and only if its tension HN vanishes.
We consider coordinate systems compatible with the locally linear structure defined by C (see Subsection 2.3)
• in a local canonical basis {Xα,Vβ} associated with such a coordinate system we have:
- a semispray S is a spray if and only if in such a basis we can write
S = yαXα + S
α
βγy
βyγVα;
- a nonlinear connection N is 1-homogeneous if and only if the coefficient Nαα of N can be written in
the
following way:
N βα = N
β
αγy
γ ;
• let NS be the nonlinear connection associated with a semispray S. The following properties are
equivalent:
(i) S is 2-homogeneous;
(ii) NS is 1-homogeneous;
(iii) The canonical semispray of NS is S.
• if NS is the 1-homogeneous connection associated with a spray S then the strong torsion of NS is zero.
Moreover, NS is the unique 1-homogeneous connection whose canonical semispray is S and whose strong
torsion is zero.
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6. Lagrangian metric connections and semisprays
Using the notion of Dynamical derivation on the vertical bundle as introduced in [7], we begin by the
context of metric connections. Then we look for the framework of Lagrangian connections. This section
contains in particular the characterization of the unique Lagrangian metric connection associated with a
semi-Hamiltonian almost tangent structure (see Theorem 6.3.1). As in [24], for a semispray associated with
some semi-hamitonian we also build a canonical Lagrangian nonlinear connection whose canonical semispray
is the original one.
6.1. Dynamical derivation and metric connection.
In this subsection, S is a fixed almost semispray on M and J is an almost tangent structure on TM
compatible with S.
We denote by Ξ(VM) the module of vertical sections of TM. Following the arguments of [7], [10], [15],
[44], [45], [46] (among many others papers) we introduce
Definition 6.1.1.
A dynamical derivation associated with S is a map D from Ξ(VM) to Ξ(VM) which satisfies the following
properties:
(i) D(X + X ′) = D(X ) +D(X ′) for all X and X ′ in Ξ(VM);
(ii) D(fX ) = LPS (f) + fD(X ) for all X in Ξ(VM) and any smooth function f on M.
Let N be a nonlinear connection on TM and vN its associated vertical projector. We then have:
Proposition 6.1.1.
(i) The map DN from Ξ(VM) into itself defined by:
DN (X ) = vN [S,X ]P
is a dynamical derivation associated with S.
(ii) If {Xα,Vα} is a local canonical basis of TM we set Yα = [S,Vα]P . Then, {Yα,Vβ} is a local basis
of TM, and, if N βα are the corresponding coefficients of a nonlinear connection N on TM, then, we
have
DN (Vα) = −N
β
αVβ.
(iii) There exists a coordinate system (xi, yα), and an associated canonical basis {Xα,Vβ} such that, if
N βα are the corresponding coefficients of a nonlinear connection N we have:
JXα = Vα, S = y
αXα + S
βVβ and DN (Vα) = −(N
β
α +
∂Sβ
∂yα
)Vβ .(6.1)
(iv) The set DS of dynamical derivation associated with S has a natural affine structure. Moreover the
map N → DN is an affine bijection between the affine set C of nonlinear connections and the set DS .
Proof.
The proof of Part (i) is easy: From the definition, DN is an endomorphism of Ξ(VM) which clearly satisfies
property (ii) of Definition 6.1.1.
For Part (ii), consider some basis {Vα} of VM associated with some coordinate system (x
i, yα) compatible
with π. According to the proof of Proposition 4.2.1, there exists an adapted basis {Yα,Vβ} such that if
Yα = [S,Vα]P and JYα = Vα
On the other hand, since vN (Yα) = N βαVβ we get
DN (Vα) = −N
β
αVβ .(6.2)
This ends the proof of Part (ii).
For Part (iii), according to Proposition 4.2.1, around each point m ∈M, there exists a coordinate system
(xi, yα) and an associated canonical basis {Xα,Vβ} of TM such that
JXα = Vα, S = yαXα + SβVβ
According to the expression of [ , ]P in such a basis we then have:
[S,Vα]P = −Xα −
∂Sβ
∂yα
Vβ
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Thus if N βα are the local coefficient of N in this basis, we get
DN (Vα) = −(N βα +
∂Sβ
∂yα
)Vβ
This ends the proof of Part (iii).
Let D be any dynamical derivation associated with S. Denote by DS the dynamical derivation corre-
sponding to the canonical connection NS associated with S. Then ∆ = D − DS is a VM-tensor of type
(1, 1). In particular, we get an affine structure on DS .
If J is the almost tangent structure on TM, we consider
Υ = 2∆J .
Then Υ is a semi-basic TM-tensor. Then N = NS + Υ is a nonlinear connection on TM (see Proposition
5.1.1). Moreover, in the adapted basis {Yα,Vα} of Part (ii), from (6.2) we have D = DN . On the other hand,
if DN = DN ′ , by the same argument, locally N and N ′ must have the same coefficients and so N = N ′.

It is easy to extend the action of a dynamical derivation D to the module of VM-tensor by requiring that
D preserves the tensor product. In particular, if g is a VM-tensor of type (2, 0) which is semi-basic, we have:
Dg(X ,X ′) = LPS (g(X ,X
′))− g(D(X ),X ′)− g(X , D(X ′)).(6.3)
Now, let g be a pseudo-Riemannian metric on VM. We have:
Definition 6.1.2. (see [7], [10], [15] or [45])
A nonlinear connection N is called g-metric (relatively to the almost semispray S) if there exists a pseudo-
Riemannian metric g on VM such that DN g = 0.
This property has the classical following interpretation:
Given a dynamical derivation D associated with S, we can define the parallel transport along any integral
curve c : [0, T ]→M of S:
a vertical section X along c is parallel if DX (c(s)) = 0 for all s ∈ [0, T ]. Now, for any z ∈ VMc(0) there
exists a unique parallel vertical section X along c such that X (c(0)) = z. We then get an isomorphism τs
from VMc(0) to VMc(s).
Then, the property DN g = 0 means that τs is an isometry from VMc(0) to VMc(s) for any s ∈ [0, T ] and
any integral curve c of S.
Assume that the pseudo-Riemannian g on VM is fixed. Thus we get an isomorphism g♭ from VM to
(VM)∗. Then we have:
Lemma 6.1.1.
The map g2 : (VM)∗ ⊗ VM→⊗2(VM)∗ defined by:
g2(∆)(X ,X ′) =< g♭ ◦∆(X ),X ′ >
(where < , > is the classical duality bracket) is an isomorphism.
Proof.
At first note that the respective fiber of each vector bundle (VM)∗ ⊗ VM and ⊗2(VM)∗ have the same
dimension. On the other hand g2 is clearly a bundle morphism. Assume that ∆ is in the kernel of g2. It
follows that, for any vertical section X , we have < g♭ ◦ ∆,X >= 0 and we get g♭ ◦ ∆ = 0. As g♭ is an
isomorphism, finally ∆ ≡ 0.

Denote by S(VM) and A(VM) the bundle of symmetric bilinear forms and skew symmetric bilinear forms
on VM respectively. Of course we have
⊗2(VM)∗ = S(VM) ⊕ A(VM).(6.4)
We denote by g2
S
and g2
A
the composition of g2 with the canonical projection of ⊗2(VM)∗ onto S(VM)
and on A(VM) respectively. Then we have
Proposition 6.1.2.
(i) If N is a nonlinear connection, then N ′ = N − 2((g2)−1 ◦DNSg) ◦ J is a g-metric connection.
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(ii) The set of g-metric connection is characterized by:
{N = NS − 2∆J , with ∆ ∈ (g
2
S
)−1[DNSg] }.
Remark 6.1.1.
The dynamical derivation previously defined corresponds to the vertical part of the analogous notion introduced
in [7] and [45]. In particular, Part (i) of Proposition 6.1.2 corresponds to an intrinsic version of Proposition
3.1 in [44] and of Theorem 1 in [45].
Proof.
For the proof of Part (i) it is sufficient to show that DN ′g = 0. First of all we can note that ∆ = (g
2)−1◦DNSg
is a VM tensor of type (1, 1). This implies that DN +∆ is a dynamical derivation which is associated with
N ′ = N + 2∆J . Recall that we have
DN ′g(X ,X
′) = DNS g(X ,X
′)− g(∆X ,X ′)− g(X ,∆X ′).(6.5)
On the one hand, we have g2(∆)(X ) = g(∆(.),X ) and on the other hand, g2(∆) = DN g
Thus the proof of Part (i) is completed.
According to the proof of Proposition 6.1.1, the dynamical derivation DN associated with a nonlinear
connection N can be written
DN = DNS +∆ if and only if N −NS = 2∆J .
Therefore N is g-metric if and only if
DN g(X ,X
′) = DNSg(X ,X
′)− g(∆X ,X ′)− g(X ,∆X ′) = 0(6.6)
for all vertical sections X and X ′.
On the other hand, we can note that
g2
S
(∆)(X ,X ′) =
1
2
(g(∆X ,X ′) + g(X ,∆X ′)).
But DNSg belongs to S(VM). It follows that (6.6) is equivalent to
∆ ∈ (g2S)
−1[
1
2
DNSg].

Example 6.1.1. (see [45])
Assume that S satisfies the assumptions of Proposition 4.2.2. Given a local coordinate system (xi, yα) and
an associated basis {Xα,Vβ} such that JXα = Vα and S = yαXα+SβVβ, let {Xα,Vβ} be the associated dual
basis. The pseudo-Riemannian metric g can be written: gαβVα ⊙ Vβ. Recall that the coefficients of NS are
then
N βα =
1
2
(−
∂Sβ
∂yα
+ Cβαδy
δ).
Thus we have
DNS (Vα) = −
1
2
(
∂Sβ
∂yα
+ Cβαδy
δ))Vβ
gαβ = DNS g(Vα,Vβ) = L
P
S (gαβ) +
1
2
[(
∂Sd
∂yα
+ CCαǫy
ǫ)gβδ + (
∂Sδ
∂yβ
+ Cδβǫy
ǫ)gαδ].(6.7)
The g-metric connection associated with NS which is given in Proposition 6.1.2 has the following local coef-
ficients:
1
2
(−
∂Sβ
∂yα
+ Cβαδy
δ)−
1
2
gαδgδβ/.
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6.2. Lagrangian metric connections and semisprays.
In this subsection, we assume that we have an almost cotangent structure Ω on TM which is compatible
with the almost tangent structure J on TM associated with S.
We consider a canonical basis {Xα,Vβ} of TM which has the property (iii) of Proposition 6.1.1 and its
corresponding dual basis {Xα,Vβ}. According to (4.2), and Proposition 4.1.1, we can write
Ω =
1
2
ωαβX
α ∧ X β + gαβX
α ∧ Vβ(6.8)
where the matrix of general terms ωαβ and gαβ are respectively antisymmetric and symmetric. Moreover we
get a pseudo-Riemannian metric g on VM defined by
gΩ(X ,Y) = Ω(Z,Y)
where JZ = X . In particular we obtain gΩ(Vα,Vβ) = gαβ.
On the other hand, we will say that a nonlinear connection N is Lagrangian if its horizontal space
is Lagrangian. Now we have:
Theorem 6.2.1.
Let J and Ω be an almost tangent structure and an almost cotangent structure respectively on TM which
are compatible and S a semispray.
(i) There exists a unique connection N which is Lagrangian (relative to Ω) and gΩ-metric (relatively to
S) characterized by the following relation :
N = NS − 2(g
2)−1[DNS g +Ω(HS ,HS)]J .
According to the previous notations, in a canonical basis {Xα,Vβ} of TM which has the property
(6.1) the local coefficients of N are characterized by:
(6.9) gβγN
γ
α = −
1
2
[ωαβ + L
P
S (gαβ) + gαγ
∂Sγ
∂yβ
+ gβγ
∂Sγ
∂yα
]
(ii) The canonical connection NS is Lagrangian (relative to Ω) and gΩ-metric (relatively to S) if and
only if, in an adapted canonical basis associated with a coordinate system compatible with the locally
linear fibration structure associated with C, the semispray S satisfies
ωαβ + L
P
S (gαβ) + gαδ
∂Sδ
∂yβ
+ gβγC
δ
αµy
µ = 0.(6.10)
In this case, it is the unique nonlinear connection which is Lagrangian and gΩ-metric
proof of Theorem 6.2.1.
We simply denote gΩ by g. Since we impose that N is g-metric, from Proposition 6.1.2, we must have
N = NS + 2∆J for some ∆ in (g2S)
−1[−DNSg]. Moreover, we have
hN = hNS +∆J .
The connection N will be Lagrangian if and only if
Ω(hN (X ), hN (X
′)) = 0
for all sections X and X ′ of TM. This relation is then equivalent to:
Ω(hNS (X ), hNS (X
′)) = −[Ω(∆J (X ), hNS (X
′))
+ Ω(hNS (X ),∆J (X
′)) + Ω(∆J (X ),∆J (X ′))].(6.11)
But, as ∆ is an endomorphism of VM the last term in the previous relation is zero and, on the other
hand we have:
Ω(∆J (X ), hNS (X
′)) − Ω(∆J (X ′), hNS (X )) = g(∆J (X ),J hNS (X
′))− g(∆J (X ′),J hNS (X )
= g(∆J (X ),J (X ′))− g(∆J (X ′),J (X ))
= 2g2
A
(∆)(J (X ),J (X ′))
(According to the decomposition (6.4)).
Now, from Part (iii) of Proposition 5.1.1 we have an isomorphism HS from VM to the horizontal bundle
of NS which is the inverse of the restriction of J to this bundle.
It follows that (6.11) is equivalent to:
Ω(HS(X ),HS(X
′)) = −2g2A(∆)(X ),X
′)
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for any vertical section X and X ′.
Finally, as g2(∆) must satify the unique decomposition
g2(∆) = g2
S
(∆) + g2
A
(∆) = −
1
2
[DNS g +Ω(HS ,HS)].(6.12)
Since g2 is an isomorphism, it follows that N = NS+2∆J must be the unique nonlinear connection gΩ-metric
and Lagrangian.
Assume that N is gΩ-metric and Lagrangian. Therefore, in a canonical basis {Xα,Vβ}, we must have
Ω(hN (Xα), hN (Xβ)) = ωαβ − gαγN
γ
β + gβγN
γ
α = 0.(6.13)
On the other hand we also have:
DN g(Vα,Vβ) = L
P
S (gαβ) + gαγ((N
γ
β +
∂Sγ
∂yβ
) + gβγ((N
γ
α +
∂Sγ
∂yα
) = 0.(6.14)
By addition of these last relations, we obtain the expression of local (6.9) given in the Theorem which ends
the proof of point (i).
In a local basis which satisfies (4.8), according to (5.4), the local coefficients of NS are:
N βα =
1
2
(−
∂Sβ
∂yα
+ Cβαδy
δ).(6.15)
From (6.9) we easily obtain the relation (6.10), which ends the proof of Part (ii).

Remark 6.2.2.
Consider a canonical basis {Xα,Vβ} of TM (as in point (ii) of Proposition 6.1.1) and set Nαβ = gαγN
γ
β .
The symmetric and antisymmetric part of Nαβ are respectively
1
2
(Nαβ + Nβα) of Nαβ and
1
2
(Nαβ − Nβα)
and will be denoted N Sαβ and N
A
αβ.
According to (6.13), the equation Ω(hN , hN ) ≡ 0 is equivalent to
NAαβ =
1
2
ωαβ .(6.16)
According to (6.14), the equation DN g = 0 is equivalent to
N Sαβ = −
1
2
[LPS (gαβ) + gαγ
∂Sγ
∂yβ
+ gβγ
∂Sγ
∂yα
].(6.17)
Moreover, from (6.14) and (6.15) the symmetric parts of the local coefficients of NS are given by
N Sαβ =
1
2
[LPS (gαβ) + (gαδα
µ
βµ + gβδC
δ
αµ)y
µ].(6.18)
6.3. Lagrangian connection and semi-Hamiltonian almost cotangent structure.
Consider an almost tangent structure J on TM compatible with the semispray S. Consider a semi-
Hamiltonian almost cotangent structure Ω on TM. From Proposition 4.3.2 it follows that (M,J ,Ω) is
locally Lagrangian. Therefore around any point m ∈M we have Ω = −dPJ ∗dPL for some local function L.
Theorem 6.3.1.
The connection NS is a Lagrangian and gΩ-metric connection if and only, around any point m ∈ M, there
exists a semi-basic 1-form ξ such that dPξ is semi-basic and which satisfies
iSΩ = d
P(LPC (L)− L) + ξ
where L is a local function around m such that Ω = −dPJ ∗dPL.
In this case, NS is the unique gΩ-metric and Lagrangian connection.
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Definition 6.3.1.
Let Ω be a semi-Hamiltonian almost structure on TM. An almost semispray S on M is called locally La-
grangian if we have iSΩ = d
P(LPC (L)− L) + ξ where L is a local function such that Ω = −d
PJ ∗dPL and ξ
and dPξ are semi-basic.
Examples 6.3.1.
1. Consider a regular Lagrangian L on M, ΩL = −dPJ ∗(dPL) the associated almost cotangent structure
and S the associated semispray, then we get that the corresponding connection NS is the unique gΩL-metric
and Lagrangian connection. When M is a Lie algebroid, we recover the essential result of [44].
2. Let η be a regular semi-Hamiltonian on A∗. The canonical symplectic form Ω = −dPθ where θ is
the canonical Liouville form is a semi-Hamiltonian almost structure on TA∗. Note that around any point
m ∈M we can write Ω = −dPJ ∗dPL with L(x, y) =
1
2
(yα)2. Denote by S the semispray defined by iSΩ = η.
Then, the connection NS is gΩ metric and Lagrangian, if and only, around each m ∈ M, there exists local
semi-basic 1-form ξ such that dPξ is semi-basic such that locally:
η = dP (LPC (L)− L) + ξ.
3. More generally, consider a regular semi-Hamiltonian η on A∗, Ω a semi-Hamitonian almost structure
on TA∗ , and S the associated semispray. Around any point m ∈ A∗ we write Ω = −dPJ ∗dPL. Then NS
is gΩ metric and Lagrangian if and only if, around m, there exists a local semi-basic 1-form ξ such that d
Pξ
is semi-basic such that locally:
η = dP (LPC (L)− L) + ξ.
Proof of theorem 6.3.1.
According to (4.12 ) we have a local coordinates system (xi, yα), an associated basis {Xα,Vβ} and its dual
basis {Xα,Vβ}, such that :
• JXα = Vα, and
• Ω =
∂2L
∂yα∂yβ
Xα ∧ Vβ +
1
2
(
∂2L
∂xi∂yα
ρiβ −
∂2L
∂xi∂yβ
ρiα +
∂L
∂yγ
Cγαβ)X
α ∧ X β .
We will use the arguments of the proof of Theorem 3.5 and Theorem 3.6 of [44].
As in Remark 6.2.2, we consider the symmetric N Sαβ (resp. antisymmetric N
A
αβ)) part of Nαβ . Then taking
into account the particular value of ωαβ , the Equations (6.16) and (6.18) are equivalent to
Nαβ =
1
2
(
∂2L
∂xi∂yα
ρiβ −
∂2L
∂xi∂yβ
ρiα +
∂L
∂yγ
Cγαβ + L
P
S (gαβ) + gβγC
γ
αδy
δ + gαγC
γ
βδy
δ)(6.19)
where gαβ =
∂2L
∂yα∂yβ
.
On the other hand, as classically, the solution of the equation iS¯Ω = d
P (LPC (L) − L) is characterized by
(see [13]) S¯ = y
αXα + S¯
βVβ
gαβS¯β +
∂2L
∂xi∂yα
ρiδy
δ +
∂L
∂yγ
Cγαδy
δ − ρiα
∂L
∂xi
= 0.
(6.20)
Therefore if we denote by N¯ βα the local coefficients of NS¯ then N¯αβ = gαγN¯
γ
α are exactly the second
member of (6.19). This implies that (6.19) is equivalent to
∂Sβ
∂yα
=
∂S¯β
∂yα
.
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This last relation is equivalent to the existence of a local function φβ on M such that Sβ = S¯β + φβ . If we
define Z = −φβVβ then we have
iSΩ = d
P (LPC L− L) + Ω
♭(Z).
Thus we have
ξ = Ω♭(Z) =
∂2L
∂yα∂yβ
φβXα for all α, β = 1, · · · , k.
First of all, note that ξ is semi-basic. On the other hand, from (6.20) we must have NS = NS¯ if and only if
LPZ(gαβ) = 0 for all α, β = 1, · · · , k.
In fact, this last relation can be written:
φγ
∂
∂yγ
(
∂2L
∂yα∂yβ
)
= 0 for all α, β = 1, · · · , k.
But dPξ is semi basic if and only if
∂
∂yβ
(
∂2L
∂yα∂yγ
φγ
)
Vβ ∧ Xα =
∂3L
∂yα∂yβ∂yγ
φγVβ ∧ Xα ≡ 0 for all α, β = 1, · · · , k.
Now, in this case, from Theorem 6.2.1, NS is the unique gΩ-metric and Lagrangian connection.

6.4. Lagrangian connection and canonical semispray.
We have seen in subsection 5.2 that to each nonlinear connection N on TM is associated a unique
semispray S which is horizontal. But in general the canonical semispray associated with a connection of
type NS is not S. Given some semispray S, we will at first look for condition under which we can associate
a Lagrangian nonlinear connection N whose canonical semispray is precisely S. When S is the semispray
associated with some semi-hamitonian, we will give a characterization of such connection.
We consider an almost tangent structure J and an almost cotangent structure and Ω on TM respectively
which are compatible and we denote by g the associated pseudo-Riemannian metric.
Theorem 6.4.1.
Let S be a semispray on M.
(i) The setM0 of points where g(C, C) 6= 0 is an open dense subset ofM whose complementary is at least
a co-dimensional one subset. On TM|M0 , there exists a canonical Lagrangiannonlinear connection
N whose canonical semispray is S which characterized by
if Υ = N −NS then
g(ΥX ,JY) = Ω(HS(JX ),HS(JY)) + iCΩ⊙ ω(X ,Y)(6.21)
where ω is given by (6.23) and ⊙ is the symmetric product.
(ii) If N is a Lagrangian nonlinear connection, the following properties are equivalent:
(a) S is the canonical semispray of N
(b) there exists a 1-form η such that iSΩ− η is semi-basic and ihN η = 0 where hN is the horizontal
projector associated with N .
(c) ihN (iSΩ) = 0
In any one of the previous situations Υ = N −NS is the strong torsion of N
Remark 6.4.2.
Classically, given a Lagrangian L on a manifold M , we get a canonical symplectic form Ω on TM and S
the semispray associated with L i.e. iSΩ = dH where H = LCL − L, then a nonlinear connection on TM is
called conservative if N is Lagrangian and
ihN dH = 0.
In our case, the equivalence (a) and (c) can be seen as a generalization of such a result in our context.
Definition 6.4.1.
Let Ω be an almost cotangent structure on TM and η a semi-Hamitonian on M. A nonlinear connection N
on TM is called conservative (for η) if N is Lagangian and if ihN (η) = 0.
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Example 6.4.1.
Assume that Ω is a semi-hamitonian almost structure on TM and consider a spray S on TM. Then S is
the canonical spray of NS (see Proposition 5.2.1). On the other hand NS is gΩ-metric and Lagrangian if and
only if S is locally Lagrangian (see Theorem 6.3.1 and Definition 6.3.1). It follows that NS is the unique
gΩ-metric Lagrangian connection whose canonical spray is S. In fact, NS is conservative. We get a natural
generalization of classical results about Lagrangian spray on the tangent bundle (in particular Finslerian
manifold) as we have seen in Remark 6.4.2.
Proof of Theorem 6.4.1.
We will use the context of subsection 6.1. Consider the associated nonlinear connection NS . According to
(6.11), the nonlinear connection N˜ = NS −∆J where g2A(∆) = Ω(HS ,HS) is Lagrangian.
Now we must find a semi-basic vector valued 1-form Υ such that N = N˜ +Υ satisfies (1) N (S) = S, and
(2) if DN is the dynamical derivation associated with N (relatively to S), then g2(N − NS) belongs to
S(VM).
Assume that we have built such a Υ. On the one hand, from Property (2) and according to the proof
of Theorem 6.2.1, then N is also Lagrangian. On the other hand, from Property (1), S is the canonical
semispray of N which ends the construction of N in Part (i).
We will prove the two previous properties ( 1) and (2).
Property (1) is equivalent to Υ(S) = S − N˜ (S) = 2vN˜ (S) = S
∗.
From Proposition 6.1.1, there exists a unique VM-tensor ∆¯ such that Υ = ∆¯ ◦ J . Assume that we have
found a symmetric 2-form Θ such that
Θ(X ,Y) = g(ΥX ,JY) and Θ(S,Y) = g(S∗,JY).
We use the same arguments as in [24], chapter II section 8. Therefore Properties (1) and (2) will be true if
there exists a 2-form Θ of type
Θ(X ,Y) = iCΩ⊙ ω
where ω is a semi-basic scalar 1-form and ⊙ is the symmetric product fulfilling the condition
(iCΩ⊙ ω)(S,Y) = g(S∗,JY).
This last condition is equivalent to
iCΩ(S)ω(Y) + iCΩ(Y)ω(S) = iS∗Ω(Y),
and finally we get the equivalent condition:
g(C, C)ω = ω(S)iCΩ− iS∗Ω.(6.22)
On the other hand, the relation(6.22) also gives:
2g(C, C)ω(S) = −iS∗Ω(S) = g(C,S∗)
Finally, to prove Properties (1) and (2), it remains to find such a semi-basic 1-form ω on M0.
Now outside the subset Σ = {m ∈M such that g(C(m), C(m)) = 0} we can define
ω =
1
g(C, C)
[−iS∗Ω +
g(C,S∗)
2g(C, C)
iCΩ].(6.23)
It follows that ω is well defined and moreover, since C and S∗ are vertical sections and since VM is La-
grangian, it follows that ω is semi-basic.
Moreover note that since Υ = N −NS , by construction, we have Υ(S) = S − NS(S) = HS and so from
Theorem 5.2.1, Υ is the strong torsion of N .
In order to end the proof of Part (i) in Theorem 6.4.1 we must show that Σ =M\M0 is locally contained
in a submanifold of codimension at most 1. But locally we have g(C, C) = gαβyαyβ. Therefore the local
equation of Σ is gαβy
αyβ = 0. As the matrix (gαβ) is invertible we can easily see that the differential of this
GEOMETRICAL STRUCTURES ON THE PROLONGATION OF A PRE-LIE ALGEBROID ON FIBERED MANIFOLDS AND APPLICATION TO FOLIATED ANCHORED BUNDLE43
equation must not be identically zero on Σ.
In the context of Point (ii), assume that S is the canonical semispray of a Lagrangian connection N and
denote simply by h the horizontal projector of N . Then we have:
ih(iSΩ)(X ) = Ω(S, hX ) but from our assumption, h(S) = S and N is Lagrangian, so ih(iSΩ) = 0.
Now assume that ih(iSΩ) = 0. Then, for η = iSΩ, trivially iSΩ− η is semi-basic and by assumption ihη = 0.
Now assume that there exists a 1-form η such that iSΩ − η is semi-basic and ihη = 0. Since iSΩ − η is
semi-basic we have
ih(iSΩ− η) = iSΩ− η.
But N is Lagrangian thus, if v is the vertical projector associated with N , we have iSΩ− η = Ω(vS, )− η.
On the other hand, since ihη = 0 we obtain Ω(vS, (X ) − η(X ) = Ω(vS, vX ) − ηX +Ω(vS, hX ) = Ω(vS,X ).
It follows that η = 0 and then ih(iSΩ) = 0.
Finally, it remains to show that if ih(iSΩ) = 0 then hS = S.
But we have seen that iSΩ = Ω(vS, ) so if ih(iSΩ) = 0. This implies that
Ω(vS, hX ) = −g(vS,JX ) = 0 for any section X . But as g is non degenerate, it follows that vS = 0.

6.5. Application to mechanical systems.
When M = TM , classically a mechanical system is a triple (M,L, ω) where L : TM → R is a regular
Lagrangian whose ”vertical” hessian is positive definite and ω is a semi-basic 1-form. Then the 1-form
θ = d(LCL − L) + ω is a semi-Hamitonian. Conversely, if θ is a semi-hamitonian, such that its associated
pseudo-riemannian metric is Riemannian, there exists a (global) smooth function L and a semi-basic 1-form
ω such that θ = d(LCL − L) + ω (cf [38]). In this subsection we adapt the concept of mechanical system to
our context.
Consider a locally affine fibration π : M → M . First of all recall that a regular Lagrangian on M is a
smooth map L : M → R such that, around each point m ∈ M, there exists a coordinate system (xi, yα)
(compatible with the locally affine fibration structure) such that the Hessian (
∂2L
∂yα∂yβ
) is an invertible matrix.
In these condition, we get a pseudo-Riemannian metric gL on the vertical bundle VM.
Definition 6.5.1.
A A-mechanical system is a triple (M, L, ω) such that:
- π :M→M is a locally affine fibration;
- L is a regular Lagrangian on M (according to the locally affine fibration structure on M) such that
the associated metric gL is a Riemannian metric;
- ω is a semi-basic 1-form.
Examples 6.5.1.
1. If M is the tangent bundle of a manifold M the previous definition gives rise to the classical definition of
a mechanical system on M (see [19] or [38]).
2. Assume that M is the bundle A, or more generally an open submanifold of A provided with its natural
linear fibration structure. Now, given any Riemannian metric g on A we get A-mechanical system (M, g, 0).
3. Given any 1-homogeneous Lagrangian L : A → R+ such that L(x, u) = 0 if and only u = 0 and such
that L2 is a non-degenerate Lagrangian, then we get a A-mechanical system (A, L2, 0), which corresponds to
the situation of singular ”sub-Finslerian manifold” studied in [29](see also section 8).
4. According to the Example 4.2.3, the manifold M = Sn−1 × S2n+1 is a fibered manifold π :M→ S2n.
A positive 2-homogeneous Lagrangian on M gives rise to a A-mechanical system (M, L, 0) (see [59]). Other
examples of this type on almost tangent manifold can be also found in [59]. In the same way when π :M→M
is a Lagrangian submersion, the relation between Lagrangian foliations and Riemaniann foliations in [49] can
be seen as a A-mechanical system (M, L, 0) problem.
.
To a A-mechanical system (M, L, ω) we can associate the 1-form θ = dP (LPC L−L)+ω which is a regular
semi-Hamitonian. When A = M, by same arguments as used in Theorem 4 in [38] we can show that the
converse is true.
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From now on, assume moreover that there exists an integrable almost structure J on TM which is
compatible with an Euler section C such that C 6= 0 on M. In general if the typical fiber of π : M → M
is not simply connected, for any semi-Hamitonian θ, locally, there exists a smooth function L such that
θ = dP(LPC L−L)+ω but not globally. It follows that any semi-Hamiltonian θ onM gives rises to a ”locally”
A-mechanical system (U,L, ω) where ω = θ−
(
dP(LPC L− L)
)
is semi-basic (see Theorem 4 in [38] ). Therefore
we introduce:
Definition 6.5.2.
An A-generalized mechanical system is a pair (M, θ) where θ is a regular semi-Hamitonian (relative to the
locally affine fibration structure on M defined by J ) and such that its associated metric gθ is riemannian.
We consider an fixed A-generalized mechanical system (M, θ).
Under the previous assumptions, the 2-form Ω = −dP(J ∗θ) is a semi-Hamitonian almost cotangent structure,
compatible with J (cf. Proposition 4.1.4). Moreover, J ∗θ is a generalized Liouville form (cf. subsection
4.1). According to Proposition 4.3.2, (M,J ,Ω) is locally Lagrangian and moreover we have gL(J , ) = Ω( , )
(see (4.7)).
Again, from Proposition 4.3.2, we get a well defined semispray S so that iSΩ = LPC θ− θ and J is compatible
with S and we have JS = C.
Now, according to Theorem 4.3.2, there exists a local coordinate system (xi, yα) and an local basis {Xα,Vβ}
of TM such that
JXα = Vα, C = yαVα and S = yαXα + SβVβ .
and, if locally θ = θαXα +
∂L
∂yβ
Vβ we have the relation (cf (4.17))
∂2L
∂yα∂yβ
Sβ + yδ(
∂θα
∂yδ
−
∂2L
∂xi∂yδ
ρiα +
∂2L
∂xi∂yα
ρiδ −
∂L
∂yγ
Cγαβ) = θα.(6.24)
WhenM = A and (M,L, ω) is a classical mechanical system for θ = dPL+ω, the previous relation are the
classical Euler-lagrange equations. Therefore each integral curves of the vector field ρˆ(S) is locally a solution
of a differential system of type (5.5)
Definition 6.5.3.
S is called the semispray associated with (M, θ) and the equations (6.24) are called the Euler Lagrange
Equations of (M, θ)
We then have the following results:
Theorem 6.5.1.
Let (M, θ) be a A-generalized mechanical system and S its associated semispray.
(i) the nonlinear connection NS is the unique gL-metric and Lagrangian connection if and only if, around
any m ∈M, there exists a local semi-basic 1-form ω such that dPω is semi-basic and locally we have:
θ = dP(LPC (L)− L) + ω.
(ii) there exists a canonical conservative connection N0 for LPC θ − θ. In particular, the geodesics of N0
are the solutions of the Euler Lagrange equations of (M, θ).
(iii) Assume that θ = dPL where L is a 2-homogeneous regular Lagrangian. Then NS is the unique
gL-metric and conservative connection relative to S and we have NS = N0
Proof of Theorem 6.5.1.
As Ω is semi-Hamitonian, point (i) is a consequence of Theorem 6.3.1.
Point (ii) is a consequence of Point (i) in Theorem 6.4.1.
Point (iii) is also a consequence of Theorem 6.3.1 (see Example 6.4.1).

7. Extremals and connection associated with partial hyperregular Lagrangian on a
foliated anchored bundle
The first purpose of this section is to give characterizations of local minimizers of a partial convex hyper-
regular Lagrangian. The second purpose is to give a link between, on the one hand, the canonical Lagrangian
metric nonlinear connection associated with a partial hyperregular Lagrangian and a pre-Lie algebroid struc-
ture, and, on the other hand, the induced structures on each leaf of the foliation defined by the anchored
bundle (see Theorem 7.3.1).
GEOMETRICAL STRUCTURES ON THE PROLONGATION OF A PRE-LIE ALGEBROID ON FIBERED MANIFOLDS AND APPLICATION TO FOLIATED ANCHORED BUNDLE45
7.1. Extremals of a partial convex hyperregular Lagrangian on a foliated anchored bundle.
Consider an anchored bundle (A,M, ρ).
Definition 7.1.1.
A partial Lagrangian on (A,M, ρ) is a function L :M→ R defined on an open manifold M of A which
is fibered on M .
If π : M → M is the projection, given any x0 ∈ M , there exists a coordinate system (xi, yα) on A
associated with a local basis {eα} on an open neighbourhood V of x0 in M such that (xi, yα) induces a
coordinate system on π−1(U). Moreover this coordinate system induces a diffeomorphism from π−1(U) onto
an open set of type U × V ⊂ Rn × Rk
Definition 7.1.2.
An absolutely continuous curve c from an interval I of R to M is called M-admissible if there exists a curve
c¯ : I →M such that c(t) = π(c¯(t)) and c˙(t) = ρ(c¯(t) a.e. ∀t ∈ I. The curve c¯ will be called a M-lift of c
Remark 7.1.1.
A H1-curve 7 c¯ : I → M gives rise to a M-admissible curve c = π ◦ c¯ if and only if c¯ is an admissible
absolutely continuous curve M such that c¯ is also an admissible curve according to the anchored bundle
(TM,M, ρˆ).
Given two points x0 et x1 in M we denote by C(x0, x1,M) the set of all M-admissible H1 curves
c : [a, b]→M which join x0 to x1 i.e. such that c(a) = x0 and c(b) = x1.
A first problem is to find conditions under which C(x0, x1,M) 6= ∅.
According to the famous Sussmann’s accessibility Theorem, we have a foliation on M such any two points
of M can be joined by an admissible curve (relative to TM) if and only if they belongs to the same leaf of
this foliation. Therefore Remark 7.1.1 implies that C(x0, x1,M) 6= ∅ if and only if x0 and x1 belongs to the
projection by π of some leaf of this foliation.
Assume now that (A,M, ρ) is a foliated anchored bundle. According to Proposition 3.2.2 and Proposition
3.3.1 the foliation given is Sussmann’s accessibility Theorem in M is the foliation defined by the integrable
distribution ρˆ(TM). Any leaf of this foliation is of type π−1(N) where N is a leaf of the foliation defined by
ρ(A). Therefore C(x0, x1,M) 6= ∅ if and only if x0 and x1 belongs to a same integral manifold of ρ(A).
Now we consider a partial Lagrangian L :M→ R. A classical optimal problem is to find theM-admissible
curves which minimizes the functional IL(c¯) =
∫ b
a
L(c¯(t))dt:
(7.1) inf{IL(c¯) | π ◦ c¯ ∈ C(x0, x1,M)}
First of all notice that the value IL(γ) is invariant by translation on the parametrization of c¯. We will denote
by C(x0, x1,M, T ) the setM-admissible curves of class H1 which are defined on an interval of type [a, a+T ]
and we will look for the problem of minimization of IL on the set C(x0, x1,M, T ). Assume that IL has a
minimum on C(x0, x1,M, T ).
Definition 7.1.3.
(1) A curve c ∈ C(x0, x1,M, T ) is called a minimizing curve or simply a minimizer in time T if there
exists a M-lift c¯ of c such that the minimum of IL on C(x0, x1,M, T ) is IL(c¯)
(2) We will say that c ∈ C(x0, x1,M, T ), defined on an interval [a, a+ T ] is a local minimizer for the
functional IL if for any t0 ∈ I, there exists an open U in M and a M-lift c¯ such that c¯(t0) belongs
to π−1(U) and for any interval [t1, t2] ⊂ [a, a + T ] such that c¯(t) ∈ π−1(U) for t ∈ [t1, t2], then the
restriction of c|[t1,t2] is a minimizer in C(γ(t1), γ(t2),U , t2 − t1).
It is clear that a minimizer is a local minimizer. Therefore it is natural to look for sufficient conditions
under which a curve in C(x0, x1,M, T ) is a local minimizer. Since the problem of finding local minimizers is
a local problem, without loss of generality we may assume that U is a chart domain in M compatible with
the fibration τ : A →M . Consider a canonical coordinate system (xi, yα) on M naturally associated with a
local basis {eα} of A on the chart domain U of the coordinate system (xi) in M . With these notations, our
7i.e the curve ˙¯c : I → TM is absolutely continuous
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problem gives rise to the following optimal control problem:
Find a curve c which is a solution of the differential system x˙i = ρ1αy
α, i = 1 . . . , n which minimizes the
functional
∫ t2
t1
L(x(s), y(s))ds.
Therefore, by application of the Maximum Principle, for ν ∈ R consider the Hamiltonian:
Hν : π
−1(U)×U T ∗U ≡ U × Rk × Rn → R defined by
Hν(x, y, ξ) = ξjρ
j
αy
α − νL(x, y).(7.2)
If a M-admissible curve c : [a, a + T ] → U is minimizing then there exists a lift ξ : [0, T ] → Rn over c and
ν ≥ 0 such that:

c˙(t) =
∂Hν
∂p
(c(t), y(t), ξ(t))
ξ˙(t) = −
∂Hν
∂x
(c(t), y(t), ξ(t))
Hν(c(t), y(t), ξ(t)) = sup{Hν(c(t), z, ξ(t)) | z ∈ V } if π−1(U) ≡ U × V.
(7.3)
Taking into account the Equation (7.2), this condition is equivalent to:
(c, y, ξ) is a solution of the constrained differential system
x˙i = ρiαy
α
ξ˙i = −ξj
∂ρjα
∂xi
yα + ν
∂L
∂xi
(xi, yα)
ρjβξj = ν
∂L
∂yβ
(xi, yα).
(7.4)
On the other hand any curve (c, y, ξ) : [0, T ]→ π−1(U)×U T ∗U which satisfies Equations (7.4) is called a
bi-extremal. According to the value of ν we obtain two types of bi-extremals:
(1) if ν = 0 but ξ(t) 6= 0, the bi-extremal (c, y, ξ) called abnormal bi-extremal (such cuves depends
only on M).
(2) If ν 6= 0 (which can be normalized by ν = 1) the bi-extremal (c, y, ξ) is called normal bi-extremal.
Definition 7.1.4.
Consider a M-admissible curve c : [0, T ]→M :
(1) we say that c is a normal extremal if for any t0 ∈ [0, T ] there exists a coordinate system (xi, yα) in M
over chart domain U around c(t0) and a lift cˇ = (c, y, ξ) of c in M×M T ∗M over U such that cˇ is a normal
bi-extremal;
(2) We say that c is a strictly abnormal extremal for any t0 ∈ [0, T ], if for any coordinate system (xi, yα)
in M over chart domain U around c(t0), and any lift cˇ = (c, y, ξ) of c in M×M T ∗M over U which is a
solution of the differential system (7.4), then cˇ is an abnormal bi-extremal.
Remark 7.1.2.
A local minimizer c gives rise to a bi-extremal (c¯, ξ), but it is well known in control theory that there exists
local minimizer which are strictly abnormal extremals (see for instance [34]). However, we will see that in
our context there is no strictly abnormal local minimizer (see Remark 7.3.2).
A direct consequence of the constrained differential system (7.4) is
Lemma 7.1.1.
(1) A bi-extremal (c, y, ξ) is abnormal if an only if ρ∗(c, ξ) = 0.
(2) Given a normal bi-extremal (c, y, ξ) then (c, y, ξ+µ) is also a normal bi-extremal if an only if (c, y, µ)
is an abnormal bi-extremal.
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7.2. Hamiltonian approach of extremals for a partial convex hyperregular Lagrangian. We fix
some partial Lagrangian L : M → R. We consider local coordinates (xi, ξj) on T ∗M , (xi, yα) on M, and
(xi, ηα) on A∗ over a chart domain of the coordinate system (xi) on M . We denote by ΛL : M → A∗ the
associated Legendre transformation i.e. locally ΛL is ηα =
∂L
∂yα
in local canonical coordinates .
Choose an almost Lie bracket [ , ]A such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid. If J is the vertical
endomorphism on A, recall that on TM we have a canonical symplectic form ΩL = −dPJ∗(dL) which only
depends on [ , ]A. We also have a semispray SL associated with θ characterized by iSLΩL = d
P(LPCL − L)
where C is the canonical Euler section induced on M. (see Equation (6.20))SL = y
αXα + S¯
βVβ
gαβSβ +
∂2L
∂xi∂yα
ρiδy
δ +
∂L
∂yγ
Cγαδy
δ − ρiα
∂L
∂xi
= 0
(7.5)
where gαβ =
∂2L
∂yα∂yβ
. In particular, SL depends only on [ , ]A too.
Definition 7.2.1.
(1) A partial hyperregular Lagrangian on (A,M, ρ) is a partial Lagrangian L : M → R such that the
Legendre transformation ΛL is injective.
(2) A partial convex Lagrangian on (A,M, ρ) is a partial Lagrangian L :M→ R such that the associated
metric gL is Riemannian.
Moreover we assume that L is hyperregular. Therefore the range M∗ = ΛL(M) is an open submanifold
of A∗ and ΛL is a diffeomorphism from M to M∗. Denote by Hα the local components of HL = Λ
−1
L i.e.
∂L
∂yα
(xi, Hα(xi, ηβ)) = ηβ . Let ρ
∗ : T ∗M → A∗ be the transpose morphism of ρ : A → TM .
Now consider the bundle pˇ∗ : M×M T ∗M → M . Note that pˇ∗ : M×M T ∗M → M is also the pull-
back of p∗ : T
∗M → M over π : M → M and let πˇ : M×M T
∗M → T ∗M be the canonical morphism
which is an isomorphism in restriction to each fiber. Finally the map (x, y, ξ) → (x, ξ) is also fibration of
πˇ∗ :M×M T ∗M → T ∗M . We consider the map g : T ∗M →M×M T ∗M defined by
g(x, ξ) = (x,HL(x, ρ
∗(x, ξ), ξ), and G = {(x, y, ξ) ∈:M×M T ∗M | ρ∗(x, ξ) = ΛL(x, y)}
Proposition 7.2.1.
G is a submanifold of M×M T ∗M of dimension 2n and g is a diffeomorphism from T ∗M to G. We have
pˇ∗(G) = Λ
−1
L ◦ ρ
∗(T ∗M).
Proof.
Considering the fixed local coordinate system, we get a coordinate system (xi, yα, ξj) on M×M T ∗M . It
follows that locally G is defined by the equations:
ρjαξj −
∂L
∂yα
(xi, yα) = 0 α = 1, . . . , k.(7.6)
Since L is a regular Lagrangian, the previous equations are independent. Locally we have g(xi, ξj) =
(xi, ξj , H
α(xi, ρjβξj)). Since
∂L
∂yα
(xi, Hα(x, ηβ) = ηα, we have
∂L
∂yα
(xi, Hα(x, ρjβξj) = ρ
j
αξj . Therefore g(T
∗M) ⊂ G. On the other hand if (x, y, ξ) belongs to G, we have
HL(x, ρ
∗(x, ξ)) = ρ∗(x, ξ) so g(T ∗M) = G. Finally g is clearly injective and the rank of its Jacobian matrix
is 2n. Therefore g is a diffeomorphism. The last part is clear.

On M ×M T ∗M consider the Hamiltonian HˇL(x, y, ξ) =< ξ, ρ(x, y) > −L(x, y). Locally, we have
HˇL(x
i, ξj , y
α) = ρjαξjy
α − L(xi, yα). According to the Equation (7.2) we locally have H1 = HˇL. More-
over, on G we have a symplectic form Ωˇ such that g∗Ωˇ = Ω. Let XˇHL be the Hamiltonian vector field
associated with (HˇL)|G .
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Theorem 7.2.1.
Consider a partial hyperregular Langrangian L on M and a H1 curve c : I →M . Then we have the following
properties:
(i) c is a normal extremal of L if and only if there exists a curve cˇ : I → G such that cˇ is an integral
curve of XˇHL and pˇ ◦ cˇ = c, and in particular c is smooth. Such a curve will be called a G-lift of c.
(ii) We have T pˇ∗(XˇHL) = SL over pˇ∗(G). In particular, the restriction of SL to p˜∗(G) is independent of
the choice of the almost Lie bracket [ , ]A and each normal extremal is contained in one (and only
one) leaf of the distribution ρ(A) and is a projection of an integral curve of the restriction of SL to
pˇ∗(G).
(iii) Moreover if L is convex, any integral curve cˇ of XˇHL projects on a local minimizer of L.
Proof.
For the proof of Point (i)it is a local problem. But we have seen that H1 = HˇL. Therefore, by construction,
locally πˇ(G) is precisely the set where
∂Hν
∂yα
= 0 for ν = 1. If follows that if c is a projection of an integral
curve cˇ = (c, y, ξ) then c is a normal extremal of L. Conversely, let c : I → M be a normal extremal.
Therefore, for any t0 ∈ I there exists an open neighbourhood U around c(t0) and a lift cˇ = (c, y, ξ) which is
a solution of the differential system (7.4) for ν = 1; therefore cˇ is a local integral curve of XˇHL .
On the other hand, according to the constrained
∂Hν
∂y
= 0, for ν = 1, and using the previous notations
locally we have H1(x
i, ξj) = ρ
j
αξjH
α(x, ρjβξj)− L(x
i, Hα(xi, ρjαξj)). Therefore, for ν = 1 any solution of the
constrained system (7.4) is an integral curve of g−1∗ XˇHL . This ends the proof of Point (i).
For point (ii) we need the local equations of an integral curve of X˜HL . On the one hand, if XH1 is the
Hamiltonian vector field of H1 on T
∗M , we have already seen that g∗XH1 = X˜HL . On the other hand, the
integral curves of XH1 are locally the solutions of the following differential system:x˙
i = ρiαH
α(xi, ρjβξj)
ξ˙i =
∂L
∂xi
(xi, Hα(xi, ρjβξj))− ξj
∂ρjα
∂xi
Hα(xi, ρjβξj).
.(7.7)
From the equation yα = Hα(xi, ρjβξj) of G in M×M T
∗M we get (see Section 1.4 in [48])
y˙α = gαβ
(
ρiβ
∂L
∂xi
−
∂2L
∂xi∂yβ
ρiγy
γ + ξi(
∂ρiβ
∂xj
ρjγ −
∂ρiγ
∂xj
ρjβ)y
γ
)
.(7.8)
Now from the choice of the local basis {eα} of A we have [eα, eβ]A = C
γ
αβeγ . On the other hand we set
[ρ(eα), ρ(eβ)]− ρ([eα, eβ]A) = ρ
i
αβ
∂
∂xi
.(7.9)
Therefore we have ρiαβ =
∂ρiβ
∂xj
ρjα −
∂ρiα
∂xj
ρjβ − ρ
i
γC
γ
αβ , and it follows that Equation (7.8) can be written ((see
Section 1.4 in [48]):
y˙α = gαβ
(
ρiβ
∂L
∂xi
−
∂2L
∂xi∂yβ
ρiγy
γ + ξiρ
i
γβy
γ +
∂L
∂yδ
Cδγβy
γ
)
.(7.10)
Recall that on G we have ξlρlβ(x
i) =
∂L
∂yβ
(xi, yα). It follows that we obtain
∂ρlβ
∂xi
ξl =
∂2L
∂xi∂yβ
(xi, yα).(7.11)
Therefore on G, the integral curve of X˜HL are locally the solution of the differential system
x˙i = ρiαy
α
ξ˙i =
∂L
∂xi
−
∂2L
∂xi∂yα
yα
y˙α = gαβ
(
ρiβ
∂L
∂xi
−
∂2L
∂xi∂yβ
ρiγy
γ + ξiρ
i
βγy
γ +
∂L
∂yδ
Cδγβy
γ
)
.
.(7.12)
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The proof of the first part of Point (iii) can be found in the appendix of [16].

7.3. Extremals of a partial convex hyperregular Lagrangian and reduction to a leaf. The purpose
of this Subsection is the following characterizations of the local minimizers of a partial convex hyperregular
Lagrangian
Theorem 7.3.1.
(1) Let L : M→ R be a partial convex hyperregular Lagrangian on A. For each leaf N of the foliation
defined by ρ(A), the Lagrangian L induces a canonical partial convex hyperregular Lagrangian LN
defined on an open set M¯N = ρ(MN ) of TN such that each integral curve of ρˆ(SL) projects on M
onto one and only one integral curve of SLN if this projection is contained in the leaf N .
(2) Denote by NSL and NSLN the nonlinear connections associated to the semisprays SL and SLN re-
spectively. Then via the projection TAN → (TAN ) / (KAN ⊕ (J(KAN )) ≡ T (TN) (cf. Proposition
3.3.2), NSL gives rise to a natural endomorphism of TM¯N which is exactly NSLN .
(3) Assume that L is also convex. Any H1-curve c : I → M is contained in a leaf N and we have the
following equivalence:
(i) c is a normal extremal of L;
(ii) c is the projection on M of some integral curve c¯ of ρˆ(SL);
(iii) c is a local minimizer of L;
(iv) c is a local minimizer of LN ;
(v) c is an integral curve of SLN .
Moreover in anyone of these situation, c is smooth.
Remark 7.3.2.
The equivalence (i) and (iii) in Point (3) means that there does not exist strictly abnormal local minimizers
when L is convex.
The proof of this Theorem needs the following auxiliary results which will be also used in the next
Subsection:
Lemma 7.3.1.
(i) The vector field ρˆ(SL) is tangent to any leaf MN = π−1(N) ⊂ M where N is a maximal integral
manifold of ρ(A).
(ii) Consider the canonical symplectic form ΩA on TA∗ (see Point (2) in Remark 2.5.1). Then we have
ΩL = Λ
∗
LΩA. Consider the Hamiltonian HL = (L
P
CL − L) ◦ HL on M
∗ and XHL its Hamiltonian
field (relative to ΩL) on M∗ we also have TΛL(SL) = XHL ◦ ΛL.
(iii) Let Ω be the canonical symplectic form on T ∗M and H∗L = HL ◦ ρ
∗. If XH∗
L
is the associated
hamiltonian field we have Tρ∗(XH∗
L
) = XHL ◦ ρ
∗. Moreover we also have g∗(XˇHL) = XH∗L
(iv) If (TN)0 is the annulator of TN in T ∗M|N , the Hamiltonian H
∗
L induces by projection a Hamiltonian
H∗LN on T
∗N ≡ T ∗M/(TN)0 with the following property:
an M-admissible curve c¯ : I → MN is an integral curve of ρˆ(SL) if and only if there exists a
curve cˇ : I → TN which is an integral curve of the hamiltonian field of H∗LN and such that c¯ and cˇ
have the same projection c : I → N on N .
Fix some leaf N of the foliation defined by ρ(A). We set M∗N = A
∗
N ∩M
∗ and M¯N = ρ(MN ). Denote by
ρ¯∗ : T ∗M|N/ ker ρ
∗ ≡ T ∗N → A∗N the isomorphism bundle induced by ρ
∗ : T ∗M|N → A
∗
N and consider the
subset M¯∗N = (ρ¯
∗)−1(M∗N ) of T
∗N and M¯N = ρ(MN ) of TN . We then have:
Lemma 7.3.2.
(i) pˇ∗(G) ∩MN = H ◦ ρ¯∗(M¯∗N ), H¯ = ρ ◦ H ◦ ρ¯
∗ induces a diffeomorphism from M¯∗N onto M¯N and ρ
induces a diffeomorphism from H ◦ ρ¯∗(M¯∗N ) onto M¯N .
(ii) L induces on N a partial convex hyperregular Lagrangian LN : M¯N → R on TN characterized by by
LN ◦ ρ|H◦ρ¯∗(M¯∗
N
) = L|H◦ρ¯∗(M¯∗
N
). Moreover, if SLN the associated semispray of LN on M¯N we have
Tρ ◦ ρˆ(SL|pˇ∗(G)∩MN ) = SLN .
(iii) An M-admissible curve c¯ : I →MN gives rise to an integral curve ρ(c) of ρˆ(SL) if and only if the
projection τ ◦ c¯ is an integral curve of SLN .
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Proof of Lemma 7.3.1.
Choose a point m ∈ M and let MN the leaf of the foliation defined by ρˆ(TM) which contains m. Since
ρˆ(m, ) = TmMN then necessary ρˆ(SL(m)) belongs to TmMN .
Since ΛL is a diffeomorphism it is sufficient to prove the result locally. Consider a canonical local basis
{Xα,P
β} on TA∗ around a point (x, η) ∈ M∗ associated with a coordinate system (xi, yα) and a local
basis {eα} of A. Recall that ΩA = Xα ∧ Pα +
1
2
ηγC
α
αβX
α ∧ X β (see Point (2) in Remark 2.5.1). From
the local expression of ΛL and ΩL (see 4.12) we have easily Λ
∗
L(ΩA) = ΩL. Since ΛL is a diffeomorphism
we get ΩA = H
∗
LΩL. But SL is the Hamiltonian field of L
P
CL − L according to ΩL. Therefore we obtain
TΛL(SL) = XHL ◦ HL. This ends the proof of the first part of Point (ii).
Now since (A,M, ρ, [ , ]A) is a pre-Lie algebroid, we have (ρ∗)(ΩL) = ΩA according to Proposition 2.2.1.
Then the proof of Point (iii) ends as the proof of the first Point (ii).
The annulator (TN)0 of T ∗M|N of TN is equal to the kernel of the restriction of ρ
∗ to T ∗M|N . Since H
∗
L =
HL ◦ρ∗, the restriction of H∗L to (TN)
0 is zero. Therefore by projection, H∗L induces on T
∗N ≡ T ∗M/(TN)0
a hamiltonian H∗LN . Now we denote by XLN the hamiltonian vector field of H
∗
LN
on T ∗N . Note that the
announced property of Point (iv) is a local property. For this proof we will use some notations used in the
proof of Proposition 3.3.2.
We can choose a chart (U, (x1, · · · , xn)) such that (U ∩N, (x1, · · · , xq)) is a chart for N and A is trivializable
over U . We can also choose a coordinate system (U, (x1, · · · , xn)) and a local basis {eα} of A such that, over
U ∩N we have ρ(eα) =
∂
∂xα
for α = 1, · · · , q and ρ(eα) = 0 for α = q + 1, . . . , k .
Denote by (x1, · · · , xq, y1, · · · , yk) the induced coordinates system on U = τ−1N (U). Therefore
∂
∂yq+1
, · · · ,
∂
∂yk
is a basis of kerTρ over U . Now let (x1, · · · , xq, x˙1, . . . , x˙q) be the coordinate system on TN associate to
(U ∩ N, (x1, · · · , xq)). By composition of the projection τ¯N : AN → AN/KN the local coordinate system
(x1, · · · , xn, y1, · · · , yk) gives rise to a local coordinate system (x¯1, · · · , x¯q, y¯1, · · · y¯q) of AN/KN on the open
U¯ = τ¯N (U) and the local expression ρN : AN/KN → TN is xα = x¯α and x˙α = y¯α for α = 1, · · · , q.
Now if (x1, . . . , xq, ξ1, . . . ξn) and (x
1, . . . , xq, η1, . . . ηk) are the associated coordinate system of T
∗M|U∩N
and A∗|U∩N then ρ
∗ is the map ηα = ξα for α = 1, . . . , q. With these notations we can consider that
(x¯ = (x¯1, . . . , x¯q), ξ¯ = (ξ¯1 = ξ1, . . . , ξ¯q = ξq)) is a coordinate system on T
∗N . Now, we denote by H¯α(x¯, η)
the restriction of Hα toMN for α = 1, . . . , k. In these notations we have H¯α ◦ρ∗(x¯, ξ) = H¯α(x¯, ξ¯). Therefore
we have:8
H∗LN (x¯, ξ¯) = ξ¯αH¯
α(x¯, ξ¯)− L(x¯, H¯α(x¯, ξ¯)).(7.13)
But in the one hand we have
∂H¯γ
∂ξβ
(x¯, ξ¯) = 0 for γ = q + 1, . . . , k and on the other hand we have
∂H¯β
∂ξγ
(x¯, ξ¯) =
∂2H∗LN
∂ξ¯β∂ξ¯γ
(x¯, ξ¯). It follows that H∗LN is a regular Hamiltonian.
Now an integral curve of the associated Hamiltonian vector field XLN satisfies the differential system
˙¯xα = H¯α(x¯, ξ¯)
˙¯ξα = −ξ¯β
∂H¯β
∂x¯β
(x¯, ξ¯) +
∂L
∂x¯β
(x¯, H¯α(x¯, ξ¯)) +
∂H¯γ
∂x¯β
(x¯, ξ¯)
∂L
∂yγ
(x¯, Hα(x¯, ξ¯)).
.(7.14)
But in the previous coordinates, if c¯ : I → MN ∩ π−1(U) is a M-admissible curve such that ρ(c) is an
integral curve of ρˆ(SL) then c is a solution of the following differential system:
˙¯xα = yα, α = 1, . . . , q
gβαy˙
α =
∂L
∂x¯β
−
∂2L
∂x¯γ∂yβ
yγ , β = 1, . . . , k.
.(7.15)
8in this proof all indices α, β, γ, . . . affecting coordinates (x¯1, . . . , x¯q) or (ξ¯1, . . . , ξ¯q) vary in the set {1, . . . , q} and also in
summations with Einstein convention
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Now if c¯ : I → MN ∩ π−1(U) is such that ρ(c) = (c, y) satisfies the differential system (7.15), if ξα =
∂L
∂yα
(c, y) for α = 1, · · · , k and ξ¯ = (ξ1, . . . , ξq) then cˇ = (c, ξ¯) satisfies the differential system (7.14) since
H¯α(c,
∂L
∂yβ
(c, y)) = yα and
∂L
∂yβ
(c, H¯β(c, ξ)) = ξα = ξ¯α.
Conversely, if cˇ = (c, ξ¯) is a solution of the differential system (7.14), for yα = H¯α(c, ξ¯) the curve (c, y) is
a solution of the differential system (7.15) by similar arguments.

Proof of Lemma 7.3.2.
We continue to use the notations used in the previous Subsections.
Note thatM∗N is open in A
∗
N and M¯N is an open subset of TN . We set M¯
∗
N = (ρ¯
∗)−1(MN ). Then M¯∗N
is an open subset of T ∗N and we consider the composition:
ρ¯∗ H ρ
M¯∗N → M
∗
N → MN → TN.
(7.16)
and we set H¯ = ρ ◦ H ◦ ρ¯∗.
On the other hand, according to Proposition 7.2.1 we have pˇ∗(G) = Λ
−1
L ◦ρ
∗(T ∗M) = H(ρ∗(T ∗M)). It follows
that we get pˇ∗(G) ∩MN = H ◦ ρ¯∗(M¯∗N ).
We first prove that H¯ is a diffeomorphism from M¯∗N to M¯N .
Consider the coordinate systems and notations used in the proof of Point (iv) of Lemma 7.3.1. We have
H¯(x¯, ξ¯) = (x¯, H¯1(x¯, ξ¯), . . . , H¯q(x¯, ξ¯)). Now from the definition of the function Hα recall that we have
∂L
∂yα
(x¯, Hβ(x¯, ρ∗ξ)) =
∂L
∂yα
(x¯, H¯β(x¯, ξ¯)) = ξ¯α for α = 1 . . . , q.
Therefore we get
∂2L
∂yα∂yγ
(x¯, H¯γ(x¯, ξ¯))
∂H¯γ
∂ξβ
(x¯, ξ¯) = δβα. But we have
∂H¯γ
∂ξβ
(x¯, ξ¯) = 0 for γ = q + 1, . . . , k. It
follows that H¯ is locally invertible. By construction the range of H¯ is N . Assume that H¯(x¯, ξ¯) = H¯(x¯′, ξ¯′).
Then we must have x¯ = ξ¯′ and so H¯α(x¯, ξ¯) = H¯α(x¯, ξ¯′) for α = 1, . . . , q. Since H¯ is locally invertible it
follows that ξ¯ = ξ¯′ and so H¯ is a diffeomorphism.
Now, in the associated coordinate system on MN , the local equations of H ◦ ρ¯∗(M¯∗N ) are y
α = 0 for
α = q + 1, . . . , k and the restriction of ρ to H ◦ ρ¯∗(M¯∗N ) in theses coordinates is y
α = x˙α for α = 1, . . . , q
since H¯ is injective, it follows that ρ induces a diffeomorphism from H(M¯∗N) onto M¯N . This ends the proof
of Point (i).
From the expression (7.13) of the Hamiltonian H∗LN on T
∗N we have
∂H¯β
∂ξγ
(x¯, ξ¯) =
∂2H∗LN
∂ξ¯β∂ξ¯γ
(x¯, ξ¯). Therefore
H∗LN is a convex hyperregular Hamiltonian on M¯
∗
N and we get a partial convex hyperregular Lagrangian LN
defined on M¯N classically by
LN (x¯, ˙¯x) =< ξ¯, ˙¯x > −H
∗
LN (x¯, y¯), with (x¯, ˙¯x) = H¯(x¯, ξ¯).(7.17)
If SLN is the semispray on N associated with LN we have H¯∗(XLN ) = SLN . Point (iii) is then a consequence
of Point (iv) of Lemma 7.3.1.
For the proof of Point (ii), we begin by the proof of the relation LN ◦ ρ|H◦ρ¯∗(M¯∗
N
) = L|H◦ρ¯∗(M¯∗
N
). In the
previous local notations H ◦ ρ¯∗(M¯∗N ), is locally the set (x¯, H¯
1(x¯, ξ¯), . . . , H¯q(x¯, ξ¯)). Since we have L(x, y) =<
η, y > −HL ◦ ΛL(x, y)) it follows that locally we have:
L ◦ H ◦ ρ¯∗(x¯, ξ¯) = L(x¯, H¯1(x¯, ξ¯), . . . , H¯q(x¯, ξ¯))
= ξ¯αH¯
α(x¯, ξ¯)−HL(x¯, ρjα, ξj)
= ξ¯αH¯
α(x¯, ξ¯)−H∗L(x¯, ξ¯)
According to the choice of the coordinate system we can locally identify M¯∗N with ρ¯
∗(M¯∗N) and H◦ρ¯
∗(M¯∗N )
with M¯N and then with this identifications, we get ξ¯αH¯α(x¯, ξ¯) − H∗L(x¯, ξ¯) = LN (x¯, y¯) where (x¯, y¯) =
(x¯, (H¯1(x¯, ξ¯), . . . , H¯q(x¯, ξ¯)). This ends the proof of the relation LN ◦ ρ|H◦ρ¯∗(M¯∗
N
) = L|H◦ρ¯∗(M¯∗
N
).
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We now apply apply the context of Proposition 3.3.2. to the open set MN of AN .
Recall that we have an isomorphism ρˆTN : (TAN ) / (KAN ⊕ (J(KAN )) → T (TN) over the isomorphism
ρN : AN/KN → TN . On the other hand, from the Diagram (7.16), we have ρN (MN ) = M¯N . Since MN is
an open set of AN , then via the projection TAN → (TAN ) / (KAN ⊕ (J(KAN )), the set TMN = TAN |MN
gives rise to a quotient set denoted by (TMN ) / (KAN ⊕ (J(KAN )). Moreover the restriction of ρˆTN to
(TMN ) / (KAN ⊕ (J(KAN )) is an isomorphism onto TM¯N . Denote by
π¯N : TMN → (TMN ) / (KAN ⊕ (J(KAN ))
the natural projection. Since ρN is also a Lie algebra isomorphism on the one hand we can identify AN/KN
with TN .
On the other hand, if pN : AN → AN/KN is the canonical projection we have ρ|AN = ρN ◦ pN . We
set MˇN = pˇ∗(G) ∩MN = H ◦ ρ¯∗(M¯∗N ) and so, according to our previous identification we get pN (MˇN ) ≡
ρ(MˇN ) = M¯N . Moreover pN induces a diffeomorphism p¯N from MˇN onto M¯N . With these last conventions,
we then have L|MˇN = LN ◦ pN . Now for any section X such that ρˆ(X ) is tangent to M¯N using the previous
local coordinates we can see that π¯M (X ) is well defined and (p¯N )−1∗ (π¯M (X )) is tangent to MˇN . Therefore
since dPL(X ) = dL(ρˆ(X )) when ρˆ(X ) is tangent to M¯N we have
dPL(X ) = dL|MˇN ((p¯N )
−1
∗ (π¯M (X )) = dNLN(π¯N (X )).(7.18)
Now from Proposition 3.3.2 again we can also identify (TMN ) / (KAN ⊕ (J(KAN )) with TM¯N and then
the classical Lie bracket on M¯N coincides with the bracket [ , ]TN induced by [ , ]P by projection onto
(TMN ) / (KAN ⊕ (J(KAN )). We then have
π¯N : TMN → (TMN ) / (KAN ⊕ (J(KAN )) ≡ TM¯N .
If J and JN are the vertical endomorphisms in TA and T (TN) we have π¯N ◦ J|TAN = JN ◦ π¯N . Since π¯N
is a Lie algebra homomorphism (see Point (ii) in Proposition 3.3.2) we obtain π¯∗N ◦ dN = d
P ◦ π¯∗N where
dN denote the classical exterior differential on N and π¯
∗
N : T
∗M¯N → (TMN )∗ is the transpose map of π¯N .
Finally the symplectic form associated with LN is ΩLN = −dN ◦ J
∗
N (dNLN ).
Therefore according to Equation (7.18) we have:
π¯∗NΩLN = −π¯
∗
N ◦ dN ◦ J
∗
N (dNLN ) = −dN ◦ J
∗
N ◦ π¯
∗
N (dNLN ) = ΩL.
It follows that we obtain π¯N (SL) = SLN with our identification which intrinsically means
Tρ(ρˆ(SL|MˇN )) = SLN .

Proof of Theorem 7.3.1.
Point (1) is a consequence of Lemma 7.3.2.
For the proof of Point (2), again, we use the identifications described in the end of the proof of Lemma
7.3.2 and the associated results L|MˇN = LN ◦ π¯N , ΩL = π¯
∗
N (ΩLN ) and π¯N (SL) = SLN . Since π¯N is a
Lie algebra homomorphism if S and X are vector fields on M¯N and S and X are π¯N -lifts of S and X
respectively we have: π¯N ◦ J([S,X ]P ) = JN [S,X ] and π¯N ([S, JX ]P ) = [S, JX ]. Now recall that we have
NSL(X ) = J [SL,X ]P − [SL, JX ]P . Therefore NL(X) = π¯N ◦ NSL(X ) for some π¯N -lift X of X is a well
defined endomorphism of TM¯N and we have NL(X) = NSLN (X).
Now we look for the equivalences in Point (iii).
The equivalence (i)⇔(ii) is a direct consequence of Point (i) and (ii) of Theorem 7.2.1 and Point (iii) of
Lemma 7.3.1. In particular c is smooth
The implication (ii)⇒(iii) is a consequence of Theorem 7.2.1, Point (iii) and of Lemma 7.3.1, Point (iii).
The implication (iii)⇒(iv) is a consequence of the definition of a local minimizer, Theorem 7.2.1, Point
(ii) and of Lemma 7.3.2, Point (ii).
Consider the particular case of the anchored bundle (TN,N, IdN) from the definition of an abnormal
extremal, it follows (as it is well known) that any extremal of LN is a normal extremal of LN . Now from the
Maximum Principle if c is a local minimizer of LN , then c must a normal extremal of LN . Finally from the
previous equivalence (ii)⇔(iii) (already proved) applied in this particular context we obtain the implication
(iv)⇒(v)
The equivalence (v)⇔(i) is a consequence of Point (iii) of Lemma 7.3.2.
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For the proof of Point (iii), again we use the identifications described in the end of the proof of Lemma
7.3.2 and the associated results L|MˇN = LN ◦ π¯N , ΩL = π¯
∗
N (ΩLN ) and π¯N (SL) = SLN . Since π¯N is a
Lie algebra homomorphism if S and X are vector fields on M¯N and S and X are π¯N -lifts of S and X
respectively we have: π¯N ◦ J([S,X ]P ) = JN [S,X ] and π¯N ([S, JX ]P ) = [S, JX ]. Now recall that we have
NSL(X ) = J [SL,X ]P − [SL, JX ]P . Therefore NL(X) = π¯N ◦ NSL(X ) for some π¯N -lift X of X is a well
defined endomorphism of TM¯N and we have NL(X) = NSLN (X).

8. Finsler geometry on an anchored foliated bundle
Consider an anchored bundle (A,M, ρ). In this section M will be a conic open subset of A without the
zero section that is M is stable under the action of R+ on each fiber of A and such that π = τM :M→M
is fibered manifold. We extend to this context the result of [30]. More precisely, we will define the notion of
partial Finsler structure on (A,M, ρ) and, given an almost Lie bracket [ , ]A on A such that (A,M, ρ, [ , ]A) is
a pre-Lie algebroid, we will associate to this structure a ”Finsler connection” and a ”Chern connection” such
that we recover the usual properties of Finsler connection and Chern connection associated with a Finsler
metric on each leaf of the foliation defined by the distribution ρ(M). In particular these connections induced
on such leaves does not depend on the choice of the bracket [ , ]A. Analogous properties are also true for the
curvature and the flag curvature.
8.1. Partial Finsler metric and sectional linear connections.
Let M be a conic open subset of A (as introduced previously).
Definition 8.1.1.
A partial Finsler metric on the anchored bundle (A,M, ρ) is a continuous map F :M→ [0,+∞[ such that:
(i) F is smooth on M;
(ii) F(λu) = λF(u) for all u in the fiber Mx, all x ∈M and all λ > 0 (positive homogeneity)
(iii) the quadratic form gu(v, w) :=
1
2
∂2F2
∂s∂t
(u + sv + tw)|s,t=0 is definite positive for all v, w ∈ Ax, and
x ∈M
Example 8.1.1.
1. When A = TM then we obtain the context of quadratic Finsler metric on M as in [30].
2. WhenM is the complementary of the zero section in A, and if F is the restriction toM of a continuous
map F¯ : A → [0,+∞[, we get the classical notion of Finsler metric on A. In particular, if we consider a
Riemannian metric g on A, we get naturally a Finsler metric on A defined by:
F(x, u) =
√
gx(u, u).
3. Given a pseudo-Riemannian metric g on A, the set A+ of vectors u ∈ A such that g(u, u) > 0 is a
conic open of A and so F(u) =
1
2
√
g(u, u) is a Partial Finsler metric. In a symmetric way, the set A− of
vectors u ∈ A such that g(u, u) < 0 is a conic open of A and so F(u) =
1
2
√
−g(u, u) is a partial Finsler
metric.
4. The distribution E = ρ(A) on M generated by A is integrable. Therefore, we can define a partial
Finsler metric FN on the tangent space TN of a leaf N of the foliation defined by ρ(A) in the following way:
F (X) = inf{F(u), such that ρ(u) = X, X ∈ Ξ(N)}.
As we have already seen ker ρ is a subbundle of AN and ρ induces a canonical morphism ρN : AN/KN →
TN which is an isomorphism. If FN is the restriction of F on AN , we obtain a Finsler metric F¯N on
(AN/KN N, ρN ) such that FN (ρˆ(a)) = F¯N (a). In particular, if A is an integrable subbundle of TM , then the
Finsler metric FN on a leaf N is nothing but the restriction of F to TN .
Consider an anchored bundle (A,M, ρ), a conic open subsetM of A and F a partial finsler metric defined
on M.
According to the beginning of Subsection 2.4, we have already defined the pull-back of the bundle τ : A →M
over π :M→M so that we have the following commutative diagrams:
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π˜
A˜ −→ A
τ˜
y y τ
M −→ M
π
πA˜
TM −→ A˜
πˆ
y y τ˜
M −→ M
Id
Therefore the quadratic form gu defined in (iii), gives rise to a Riemannian metric on A˜ which is called
the fundamental tensor of F and denoted gF . We have a natural isomorphism ϑ from the bundle τ¯ : A˜ →M
to the vertical bundle VM→M given by:
(x, u, v) associates the vertical lift (x, u,
d
dt
(u+ tv)|t=0).
According to Example 4.3.1 2, L = F2 is a regular Lagrangian on M and the associated Riemannian
metric is exactly gL. Via the previous isomorphism ϑ we have gF = ϑ
∗gL
Definition 8.1.2.
Let F be a partial Finsler metric on (A,M, ρ). We denote by Au is the trilinear form:
Au(v1, v2, v3) =
1
4
∂3F2
∂s1∂s2∂s3
(u +
3∑
i=1
sivi)|s1=s2=s3=0
for any u ∈Mx and any x ∈M
Remark 8.1.1.
(1) From the definition of Au we also have Au(v1, v2, v3) =
1
2
∂
∂s
[gu+sv1(v2, v3)]|s=0.
(2) For u ∈ Mx, we have Au(u, v2, v3) = 0 for any v2, v3 in Ax (same argument as in [30] Proposition
2.6).
(3) When F is a Finsler metric on A, then gF is a Riemannian metric if and only if AF ≡ 0
The definition of Au implies that its value does not depend on the order v1, v2 and v3. By the same
previous argument Au gives rises to a symmetric A˜-tensor of type (3, 0) which is called the Cartan tensor of
F and denoted AF .
We now provide the anchored bundle (A,M, ρ) with an almost Lie bracket [ , ]A such that (A,M, ρ), [ , ]A
is a pre-Lie algebroid .
Definition 8.1.3. The quadruple (A,M, ρ, [ , ]A,F)) is called a partial Finsler pre-Lie algebroid.
Consider an open set O in M and U a local section of M over O. Then we introduce:
Definition 8.1.4.
Consider a linear connection ∇ on A|O. We say that:
(1) ∇ is torsion-free if
∇XY −∇YX = [X,Y ]A
for all sections X and Y of A defined on O
(2) ∇ is almost gF compatible along V if
ρ(X)(gU(x)(Y, Z)) = gU(x)(∇XY, Z) + gU(x)(Y,∇XZ) + 2AU(x)(∇XU, Y, Z)
for all sections X, Y and Z of A defined on O and all x ∈ O
Remark 8.1.2.
As usual the connection ∇ can be defined for any A-tensor. Therefore, the almost gF compatibility of ∇
along V is equivalent to
∇X(gU )(Y, Z) = AU (∇XU, Y, Z)
for all sections X and Y of A defined on O.
Then, as in [30] we have
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Proposition 8.1.1.
Given a section U of M over an open set O, there exists a unique linear connection ∇U on A|O which is
torsion-free and almost gF compatible along V . Moreover for any x ∈ O, the value of the section ∇UXY at x
only depends on the values of U(x) and X(x).
Definition 8.1.5.
Given a section U of M over an open set O in M , the linear connection characterized in Proposition 8.1.1
will be denoted ∇U and called a sectional linear connection on O along U .
Proof. (cf. Proof of Proposition 2.12 of [30])
As in the classical case of linear connection which are compatible with a Riemannian metric, if we apply
three times the almost gF -compatibily on circular permutation of X,Y and Z, we add these relations and if
we take in account the torsion-free relation, we obtain that any connection ∇ which satisfies the properties
(1) and (2) of Definition 8.1.4, is characterized by:
2gU(∇XY, Z) = ρ(X)(gU (Y, Z)) + ρ(Y )(gU (X,Z))− ρ(Z)(gU (X,Y ))
+ gU ([X,Y ]A, Z) + gU ([Z,X ]A, Y )− gU ([Y, Z]A, X)
− 2(AU (∇XU, Y, Z) + 2AU (∇Y U,X,Z)− AU (∇ZU,X, Y )).(8.1)
If we apply (8.1) for X = Y = U , according to Remark 8.1.1 (2), we get:
2gU (∇UU,Z) = 2ρ(U)(gU (U,Z))− ρ(Z)(gU (U,U)) + 2gU ([Z,U ]A, U).(8.2)
Therefore ∇UU is uniquely defined. In the same way, if we apply (8.1) for Y = U we obtain:
2gU(∇XU,Z) = ρ(X)(gU (U,Z)) + ρ(U)(gU (X,Z))− ρ(Z)(gU (X,U))
+ gU ([X,U ]A, Z) + gU ([Z,X ]A, U)− gU ([Y, Z]A, X)− 2AU (∇UU,X,Z).(8.3)
Again ∇XU is then well defined and moreover, from this relation we obtain ∇fXU = f∇XU for all smooth
function f on O.
Finally as ∇UU and ∇XU are well defined for any X , the relation (8.1) defines uniquely ∇XY .
Moreover using the fact that ∇fXU = f∇XU and as AU is a tensor, we also obtain ∇fXY = f∇XY . Finally
using again the fact that AU is tensorial, from the relation (8.1) we obtain
∇X(f)Y = ρ(X)(f)Y + f∇XY for any smooth function f on O.
For the proof of the last part, we may assume that O is a chart domain and A is a trivial bundle over
O. Let (xi) be a coordinates system on O and {eα} a basis of A over O. Therefore we obtain a coordinate
system (xi, yα) on τ−1(O). Then we have the local decomposition:
U = Uaeα;
[eα, eβ ]A = C
γ
αβeγ ;
ρ(eα) = ρ
i
α
∂
∂xi
;
gU (eα, eβ) = gαβ(V );
∇Ueαeβ = (Γ
U )γαβ(V )eγ .
Now in the relation (8.1) we put X = eα, Y = eβ and Z = eγ . Therefore we get:
(ΓU )γαβ = gλγ(Γ
U )λαβ = Sγαβ − U
λ((ΓU )µαλAµβγ + (Γ
U )µβλAµαγ − (Γ
U )µγλAµαβ),(8.4)
where
Sγαβ =
1
2
[(ρiα
∂gβγ
∂xi
+ ρiβ
∂gαγ
∂xi
− ρiγ
∂gαβ
∂xi
) + (gλγC
λ
αβ + gλβC
λ
γα + gλαC
λ
γβ)].(8.5)
In (8.2), if we put U = Uaeα and Z = eγ and we obtain
UαUβ(ΓU )γαβ = g
γλUαUβ(ΓU )λαβ = g
γλUαUβSλαβ = U
αUβSγαβ .(8.6)
Now, from (8.4) by using (8.6) we then have:
Uβ(ΓU )γαβ = U
βgγλ(ΓU )λαβ = U
βSγαβ − U
βU ǫSµβǫg
γλ
Aµαλ.(8.7)
If we set
(NU )βα = U
βSγαβ − U
βU ǫSµβǫg
γλ
Aµαλ,(8.8)
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the relation (8.4) gives rise to:
(ΓU )γαβ = S
γ
αβ + g
γλ(−(NU )µαAµβλ − (N
U )µβAµαλ + (N
U )µλAµαβ).(8.9)
Now, from their expression the value the quantities Sγαβ , g
γλ and N˜ βα at each x ∈ O depend only on x and
V (x). Therefore from (8.9) we deduce that (ΓU )γαβ also depends on x and V (x).

8.2. Finsler and Chern connections on a partial Finsler algebroid.
A partial Finsler pre-Lie algebroid (A,M, ρ, [ , ]A,F) is a partial Finslerian metric F on an anchored bundle
(A,M, ρ) provided with an almost Lie bracket [ , ]A such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid.
According to [29] or subsection 8.1, the Finslerian metric F is an 1-homogeneous Lagrangian on M and
the associated 2-homogeneous Lagrangian L =
1
2
F2 is a partial convex hyperregular Lagrangian. Since we
have already seen in Subsection 7.2 from the canonical Lie structures on A, we get onM a canonical almost
tangent structure J and an Euler section C a Riemannian metric gL on the vertical sub-bundle of TM. On
the other hand, a canonical almost cotangent structure ΩL = −d
PJ ∗dPL, a canonical spray SL, and also
a canonical nonlinear connection NSL which is gL-metric Lagrangian and conservative. In particular the
geodesics of NL are the integral curves of SL.
From now on, the partial Finsler quasi-algebroid (A,M, ρ, [ , ]A,F) is fixed. Then we have the following
geometrical objets associated with this structure:
• The Riemannian metric gF called the Finsler Riemannian metric or the fundamental tensor.
• The Cartan tensor A denoted AF in the sequel.
• The spray SL called the Finsler spray and denoted SF in the sequel.
• The nonlinear connection NSL called the Finsler connection and denoted NF in the sequel.
Denote by HM the horizontal space in TM associated with NF . According to the decomposition TM =
HM⊕ VM, we have the horizontal and the vertical projector denoted hF and vF respectively. We will
denote by θ : TM→ A˜ the composition ϑ ◦ vF . The announced linear Chern connection ∇
9 on A˜ and its
relation with the set of sectional linear connections ∇U is given in the following result:
Theorem 8.2.1.
(1) There exists a unique linear connection
∇ : Ξ(TM) × Ξ(A˜) → Ξ(A˜)
(X , Y˜ ) → ∇X Y˜
which satisfies the following properties for any X ∈ Ξ(TM) and Y˜ ∈ Ξ(A˜):
(a) (torsion free property)
∇X (πA˜(Y)) −∇Y(πA˜(X )) = πA˜([X ,Y]P );
(b) (almost gF -compatibility)
ρˆ(X )(gF (Y˜ , Z˜)) = gF(∇X Y˜ , Z˜) + gF(Y˜ ,∇X Z˜) + AF(θ(X ), Y˜ , Z˜)
for all sections X of TM and Y˜ and Z˜ of A˜.
(2) For any (local) section Y of A, we denote by Y˜ the associate section of A˜ such that π˜ ◦ Y˜ = Y ◦ π.
Given any section of M defined on an open O ⊂M and any section X and Y defined on O, we have:
π˜(∇X Y˜ (x, U(x))) = ∇
U
XY (x)(8.10)
where X is any section of TM which is projectable on X (see Definition 2.5.1).
If A = TM , and F is a Finsler metric on M , then M is the complementary of the zero section in TM
and then TM = TM and A˜ = π∗TM where again π :M→M is the canonical projection. Then the linear
connection ∇ defined in Theorem 8.2.1 is the classical Chern connection π∗TM (cf. [14]). Therefore we have:
9such a connection must satisfy the classical property of a linear connection adapted to this context:
− ∇fXY = f∇XY, ∇X+YZ = ∇XZ +∇YZ
− ∇X (Y + Z) = ∇XY +∇XZ
− ∇X fY = ρˆ(X )(f)Y + f∇XY
for all sections X and Y of TM, all sections Y and Z of A˜ and smooth function f on M.
GEOMETRICAL STRUCTURES ON THE PROLONGATION OF A PRE-LIE ALGEBROID ON FIBERED MANIFOLDS AND APPLICATION TO FOLIATED ANCHORED BUNDLE57
Definition 8.2.1.
The linear connection ∇ defined in Theorem 8.2.1 is called the Chern connection of the partial Finsler metric
F .
Remark 8.2.2.
According to the decomposition TM = HM⊕VM each X ∈ Ξ(TM)can be written X = XH+X V . Therefore
we can decompose ∇ as a sum ∇H +∇V where ∇HX = ∇XH and ∇
V
X = ∇XV . It follows that in Point (iii)
in Theorem 8.2.1, for any local section X ∈ Ξ(M), there exists a unique πA-horizontal lift X of X. Thus, in
the Equation (8.10) we have
π˜(∇HX Y˜ (x, U(x))) = ∇
U
XY (x)
where X is any section of TM.
We end this subsection by the proof of Theorem 8.2.1 but for this purpose we need to introduce the Bott
connection on the horizontal bundle in TM associates to the Finsler connection NF .
We will denote by ̟ : HM→ A˜ the isomorphism which is the restriction of πA˜ to HM. Each section X
of TM can be written X = XH + X V where XH = hF(X ) and X V = vF (X ).
On the one hand we have a natural almost Lie bracket [ , ]HM on HM defined by the projection of [ , ]P
on HM by hF and so we get a natural structure of almost Lie algebroid on HM. Since the ̟ is a bundle
isomorphism we obtain a structure of almost Lie algebroid on A˜. We denote by [ , ]A˜ the induced almost
bracket on A˜. Consider a local basis {Xα,Vβ} of TM associated with a coordinate system (xi) and a local
basis {eα} of A on an open set O of M . The horizontal component of Xα is XHα = Xα−N
β
αVβ and {X
H
α ,Vα}
is also a local basis of TM such that {XHα } is a basis of HM. Since (πA˜)|HM is a bundle isomorphism from
HM→M on A˜ →M we have πA˜(X
H
α ) = e˜α where {e˜α} is the local basis of A˜ over π
−1(O) characterized
by
e˜α ◦ π = π˜ ◦ eα for all α.
According to (2.7) we then have:
π¯([e˜α, e˜β]A˜) = C
α
αβ e˜γ = [eα, eβ ]A.(8.11)
For any section X of TM, we have πA˜(X ) = πA˜(X
H) and so each section of TM is projected by πA˜ on a
section of A˜. Note that we have πA˜(X ) = ϑ ◦ (JX ) and also ̟ = ϑ ◦ J|HM
For the sake of simplicity we denote by X˜, Y˜ , Z˜, . . . the projection of sections X , Y, Z, . . . of TM.
On the other hand we have an isomorphism HF : VM → HM (cf. Proposition 5.1.1) and so we get a
Riemannian metric gH on HM defined by
gH(X ,Y) = gF(HF (X ),HF (Y)).
If we require that VM and HM are orthogonal we obtain a Riemannian metric g on TM. Then we have
Lemma 8.2.1.
There exists a unique linear connection10 DH on the almost Lie algebroid (HM,M, ρˆ, [ , ]P) such that for
all sections X , Y and Z of HM we have
ρˆ(X )(gH(Y,Z)) = gH(DHX Y,Z) + g
H(DHX Z,Y)
DHX Y −D
H
Y X = [X ,Y]HM
This connection is called the Levi-Civita connection.
The proof of this Lemma is formally the same as in the context of Riemannian Lie algebroid (see [5] section
3.1).
Following the definitions of Cartan tensors of [54] section 3.1, we consider the TM-tensor Aˆ of type (3, 0)
characterized by
Aˆ(X ,Y,Z) = (LPXV J
∗g)(YZ)
10in the sense of section 2.1
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for all X , Y and Z in Ξ(TM).
Remark 8.2.3.
Since J∗g(X ,Y) = gF(JX , JY) it follows that we have
Aˆ(X ,Y,Z) = (LPXV gF )(JY, JZ).
In particular if X is horizontal Aˆ(X ,Y,Z) = 0 as soon as Y or Z are vertical.
The tensor Aˆ will be called the lift Cartan tensor. The link between Aˆ and AF is given by Point (iii) in
the following Proposition:
Proposition 8.2.1.
(i) The map D : Ξ(TM) × Ξ(HM)→ Ξ(HM) is defined by :
DHX Y = D
H
XHY
DVXY = hF [X
V,Y]P For all X ∈ Ξ(TM) and Y ∈ Ξ(HM)
is a linear connection 11.
(ii) The connection D is the unique linear connection which satisfies the following properties for any
X ,Y,Z ∈ Ξ(TM) :
(a) (torsion free property)
DX (Y
H)−DY(X
H) = hF ([X ,Y]P );
(b) (horizontal gH compatibility)
ρˆ(XH(gH(Y,Z) = gH(DXY,Z) + g
H(DXZ,Y);
(c) (almost vertical gH compatibility)
ρˆ(X V )(gH(Y,Z)) = gH(DXV Y,Z) + gH(Y,DXV Z) + 2Aˆ((X ,Y,Z);
(iii) we have the relation
Aˆ(X ,Y,Z) = ϑ∗AF(X
V , JY, JZ)
for all sections X , Y, Z of TM
Note that when A = TM and F is a Finsler metric on M , we have already seen that M is the comple-
mentary of the zero section in A and TM = TM. With these notations, D is the Bott connection of HM
considered as the normal bundle of the vertical foliation of TM. Therefore we have:
Definition 8.2.2.
The linear connection D is called the Bott connection of HM.
Proof of Proposition 8.2.1.
Point (i) is elementary.
For Point (ii) we must show first that the Bott connection D satisfies properties (a), (b) and (c).
Since we have [X V ,YV ]P always belongs to Ξ(V(M) property (a) is a consequence of the properties of D
H
and the definition of DVXY.
Property (b) is a direct consequence of properties of DH .
We have
ρˆ(X V )(gH(Y,Z))− gH(DXV Y,Z − gH(Y,DXV Z)
= ρˆ(X V )(gH(Y,Z)) − gH(hF ([X V ,Y]P ),Z)− gH(hF ([X V ,Z]P),Y)
= ρˆ(X V )(gF (JY, JZ))− gF (J([X V ,Y]P ), JZ)− gF(J([X V ,Z]P), JY).
From the definition of AF and the fact that HF ◦ J = hF we obtain:
2Aˆ(X ,Y,Z) = ρˆ(X V )(g(JY, JZ))− g(J([X V ,Y]P ), JZ)− g(J([X V ,Z]P), JY)
= ρˆ(X V )(gH(Y,Z))− gH(hF ([X V ,Y]P ),Z)− gH(hF ([X V ,Z]P),Y)
= ρˆ(X V )(gH(Y,Z))− g(DXV Y,Z)− g
H(DXV Z,Y).
For the uniqueness assume that D′ is a linear connection onHM (in the sense of the linear Bott connection)
which satisfies the properties of Point (ii). We first decompose such a connection in D′X = D
′
XH +D
′
XV and
we set D′HX = D
′
XH and D
′V
X = D
′
XV . From (a) and (b) and the uniqueness of the Levi-Civita connection, we
11in the obvious same sense as footnote (6)
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must have D′H = DH . As classically in the case of the Levi-Civita connection, by standard computation (as
in the proof of Proposition 8.1.1) D′V must satisfies the relation:
2gH(D′
V
XY
H ,ZH) = ρˆ(X V )(gH(YH ,ZH)) + ρˆ(YV )(gH(XH ,ZH))− ρˆ(ZV )(gH(XH ,YH)
+ gH(hF ([X
V ,YH ]P),Z
H) + gH(hF ([Z
V ,XH ]P),Y
H)− gH(hF ([Y
V ,ZH ]P),X
H)
−2(Aˆ(X , Y, Z) + Aˆ(Y,X ,Z) − Aˆ(Z,X ,Y)).(8.12)
Since Aˆ is tensorial, as in the classical case of the Levi-Civita connection, the relation define a unique differ-
ential operator which is of course DV .
Clearly, point (iii) is a local property. Therefore consider a coordinate system (xi) on O and a local basis
{eα} of A over O. Let (xi, yα) the associated coordinate system onM and {Xα,Vα} be the associated basis
on TM;
Since (AF)(x,u)(w1, w2, w3) = Au(w1, w2, w3), from Remark 8.1.1 and via the isomorphism ϑ between A˜ and
VM we have:
2ϑ∗(AF )(Vα,Vβ,Vγ) =
∂gF
∂yα
(Vβ ,Vγ)
= (LPVαgF)(Vβ ,Vγ)
= (LPVαg
H)(HFVβ ,HFVβ)
= (LPVαgF)(JXβ , JXβ).
From Remark 8.2.3 we then obtain
ϑ∗(AF )(Vα,Vβ ,Vγ) = Aˆ(Xα,Xβ ,Xβ).
This ends the proof of Point (iii).

Proof of Theorem 8.2.1.
According to Proposition 8.2.1 we define ∇ : Ξ(M)× Ξ(A˜)→ Ξ(A˜) by:
∇X Y˜ = ̟(DX (̟
−1(Y˜ )).
We denote by∇H and∇V the corresponding decomposition of D into DH and DV . Since ̟ is an isomorphism
between HM and A˜, according to the properties (a), (b) and (c) of Proposition 8.2.1 and Point (iii) in
Proposition 8.2.1, it follows easily that ∇ is the unique linear connection on A˜ which satisfies Point (1)
in Theorem 8.2.1. More precisely, taking into account the fact that DH is the Levi-Civita connection, the
relation (8.12) for Dv, Remark 8.2.3, and the relation πA˜ = ϑ ◦ J , it follows that ∇X Y˜ is characterized by
2gF(∇X Y˜ , Z˜) = ρˆ(X )(gF (Y˜ , Z˜)) + ρˆ(Y)(gF (X˜ , Z˜))− ρˆ(Z)(gF (X˜, Y˜ )
+ gF(πA˜([X ,Y]P ), Z˜)− gF(πA˜([Y,Z]P ), X˜)− gF(πA˜([Z,X ]P ), Y˜ )
− 2(AF(θ(X ), Y˜ , Z˜) + AF(θ(Y), X˜ , Z˜)− AF (θ(Z), X˜, Y˜ ))(8.13)
where Y and Z are such that Y˜ = πA˜(Y) and Z˜ = πA˜(Z) respectively.
For the proof of the last Point we need:
Consider a local basis {Xα,Vβ} of TM associated with a coordinate system (xi) on M and a basis {eα}
of A. Denote by {e˜α} the basis of A˜ characterized by π˜ ◦ e˜α = eα ◦ π.
Lemma 8.2.2.
(1) If we consider the decomposition ∇Xα e˜β = Γ
γ
αβ e˜γ then we have
Γγαβ = S
γ
αβ + g
γλ(−NµαAµβλ −N
µ
β Aµαλ +N
µ
λAµαβ)(8.14)
where
Sαβγ = gγλS
λ
αβ = −
1
2
[(ρiα
∂gβγ
∂xi
+ ρiβ
∂gαγ
∂xi
− ρiγ
∂gαβ
∂xi
) + (gλγC
λ
αβ + gλβC
λ
γα + gλαC
λ
γβ)],
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N βα are the coefficients of the Finsler connection in the basis {Xα,Vβ}
Aαβγ = AF (e˜α, e˜β , e˜γ).
(2) Given a section U of M defined on an open O in M we consider the decomposition
∇Ueαeβ = (Γ
U )γαβeγ .
Then we have
(ΓU )γαβ = S
γ
αβ + g
γλ(−(NU )µαAµβλ − (N
U )µβAµαλ + (N
U )µλAµαβ)(8.15)
where (NU )βα(x) = N
β
α (x, U(x)). In particular we have Γ
γ
αβ(x, U(x)) = (Γ
U )γαβ(x)
Now, for any section X of A we denote by X˜ the associated section of A˜ characterized by π˜ ◦ X˜ = X ◦ π.
We will say that such a section X˜ is projectable. Note that, if X is a projectable section of TM on a section
X of A then πA˜ ◦ X = X˜ is a section of A˜ which is also projectable on X . Moreover given any section X of
A, there always exists a section X of TM which is projectable on X and the difference of two such sections
is vertical and so πA˜ ◦ X is independent of the choice of such a projectable section X . From now to the end
of this proof we only consider projectable sections of TM. Therefore, in this case for any function f on M
we have ρˆ(X )(f ◦ π) = ρ(X)(f)
Fix some section U ofM over an open O ofM . Given any section X and Y of A defined on O we consider
the decompositions
U = Uαeα, X = X
αeα Y = Y
αeα.
Any section X of TM projectable on X = Xαeα can be written X = XαXα + X¯βVβ.
On the one hand we have
∇UXY = [X
αρiα
∂Y β
∂xi
+ (ΓU )γαβX
αY β ]eβ .
On the other hand, from the construction of ∇ from the Bott connection D we have ∇Vα e˜β = 0.
Therefore we obtain:
∇X Y˜ = [ρˆ(X )(Y β) + Γ
γ
αβX
αY β ]e˜γ .
Since Y β is a function on M , we get:
ρˆ(X )(Y β) = ρ(X)(Y β) = Xαρiα
∂Y β
∂xi
.
Now, according to Lemma 8.2.2, on U(O) ⊂M we have:
Γγαβ(x, U(x)) = (Γ
U )γαβ(x)
Therefore we obtain:
π˜(∇X Y˜ (x, U(x))) = ∇UXY (x).

Proof of Lemma 8.2.2.
In the context of the Lemma we have the decomposition SF = yαXα + SβVβ. According to (6.20), each
component Sα = gαβSb is given by
−
1
2
(ρiγ
∂gαδ
∂xi
+ ρiδ
∂gαγ
∂xi
− ρiα
∂gδγ
∂xi
+ gγµC
µ
αδ + gδµC
µ
αγ + gαµC
µ
γδ)y
γyδ.(8.16)
Therefore from (8.5) we get Sα = −Sαγδyγyδ. Now, according to (6.18) the coefficient Nαβ = gαγN γα of the
Finsler connection NF is:
1
2
[(ρiβ
∂gαδ
∂xi
+ ρiδ
∂gαβ
∂xi
− ρiα
∂gβδ
∂xi
+ gγδC
γ
αβ + gβγC
γ
αδ + gαγC
γ
βδ)y
δ + SγAγαβ].
Thus we obtain (8.14).
Now (8.15) is exactly (8.9) (see proof of Proposition 8.1.1)
Since Sα(x, y) = −Sαγδyγyδ according to (8.8) we obtain N βα (x, U(x)) = (N
U )βα(x).

Definition 8.2.3.
The set of all coefficients Γγαβ (see (8.14)) are called the Christoffel symbols of F .
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Remark 8.2.4.
When A = TM , the basis {eα} of A is {
∂
∂xi
} and classically (see [4] for instance) the value of Γkij is formally
the expression (8.14) with α ≡ i, β ≡ j, γ ≡ k, where all the coefficients of type Cµγδ are identically zero and
all the coefficients of type N¯ βα are the coefficients of the nonlinear Finsler connection NF .
On the other hand, the horizontal component of Xα is X
H
α = Xα −N
β
αVβ. We denote by δα the vector field
ρˆ(XHα ). With these notations, the expression (8.14) of Γ
γ
αβ becomes:
∇γαβ = gγλ∇
λ
αβ =
1
2
[(δα(gβγ) + δβ(gαγ)− δγ(gαβ) + (gλγC
λ
αβ + gλβC
λ
γα + gλαC
λ
γβ)].(8.17)
Again when A = TM we get a classical expression of the Christoffel symbols of the Chern connection in
Finsler geometry (see [4] for instance).
8.3. Finsler structure on a pre-Lie algebroid and induced structure on leaves.
Consider a partial Finsler metric on an anchored bundle (A,M, ρ) defined on conic open set M of A. We
provide (A,M, ρ) with an almost Lie bracket [ , ]A such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid. When
A = TM and [ , ]A is the classical Lie bracket of vector fields and M = TM \ {0}, we obtain the classical
Finsler and Chern connection on M . When M is a conic open set of TM we get the Finsler and Chern
connection associated with a partial Finsler structure on M as described in [30] under the term of quadric
metric. Let N be a leaf of the foliation defined by ρ(A). According to Example 8.1.1 4., F induces a partial
partial Finsler metric FN on N defined on an open set M¯N of TN . Therefore, by application to the previous
result to the partial Finsler algebroid (TN,N, Id, [ , ], FN ), we get a Finsler connection NFN and and a Chern
connection ∇FN canonically associated with the partial Finsler metric FN induced on N .
On the other hand, the Lagrangian L associated with F is a partial convex hyperregular Lagrangian on
A and so according to Subsection 7, we obtain a characterization of locally minimizers of L. Again as in the
previous cases, when A = TM or when N is leaf of the foliation defined by ρ(A) we recover the classical
notion of geodesics of a Finsler metric on a manifold or more generally for a partial Finsler metric (see [30]
for more detail in this last case). The following result gives the link between these differential objects defined
on a pre-Lie algebroid and on each leaf of the foliation defined by the range of the anchor.
Theorem 8.3.1. :
Consider a partial Finsler metric on an anchored bundle (A,M, ρ) defined on a conic open set M of A. We
provide (A,M, ρ) with an almost Lie bracket [ , ]A such that (A,M, ρ, [ , ]A) is a pre-Lie algebroid. Then we
have the following properties:
(i) The Finsler connection NF is the unique gF - metric and Lagrangian connection (relative to ΩF )
associated with SF . Moreover SF is the canonical spray of NF . Given a leaf N of the foliation
defined by ρ(A), let SFN the canonical spray associated with FN . Then NF induces a nonlinear
connection NFN which is the Finsler connection associated with FN via the projection TAN →
(TAN ) / (KAN ⊕ (J(KAN )) ≡ T (TN) (see Proposition 3.3.2). In particular the induced nonlinear
connection NFN is independent of the choice of the almost Lie bracket [ , ]A.
(ii) The projection on M of any geodesic of NL is contained in some leaf N of the foliation defined by
ρ(A) and is also a geodesic of NFN . Moreover such a curve is both a local minimizer of L and of
LN =
1
2
F 2N .
(iii) Denote by T˜N the pulback of TN → N by the map projection M¯N → N . Via the associated projection
of TAN × A˜N → T (TN)× T˜N |M¯N , the Chern connection ∇
F of F induces the Chern connection
∇FN of FN for any leaf N . In particular, ∇F is independent of the choice of the almost Lie bracket
[ , ]A.
Remark 8.3.2.
We consider the local basis {e˜α} of A˜ and {XHα ,Vβ} defined in Subsection 8.2 after Remark 8.2.2. Recall
that we have: ∇XHα e˜β = Γ
γ
αβ e˜γ and ∇Vα e˜β = 0. Moreover if we choose the local basis of A and the local
coordinate system as in the proof of Proposition 3.3.2, from Point (iii) of Theorem 7.3.1 we will have
π¯N (XHα ) =
δ
δxα
=
∂
∂xα
−
q∑
γ=1
N γα
∂
∂yγ
for α = 1, . . . , q and π¯N (XHα ) = 0 for α = q + 1, . . . , k
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π¯N (Vα) =
∂
∂yα
for α = 1, . . . , q and π¯N (Vα) = 0 for α = q + 1, . . . , k
With these notations, it follows that the Christoffel symbols of ∇FN are Γγαβ for 1 ≤ α, β, γ ≤ q.
Proof.
First of all note that the Lagrangian L associated with F is homogeneous of degree 2 and is convex. The first
consequence is that (M,L, 0) is a A-mechanical system (see Subsection 6.5) and so the first part of Point
(i) comes from Theorem 6.5.1. Again the same argument implies that LN is homogeneous of degree 2 and is
convex and then the last part is a consequence of Point (iii) of Theorem 7.3.1.
From the same arguments Point (ii) is a consequence of Point (i) of Theorem 7.3.1 according to the defi-
nition of geodesics of a connection and the fact that SF and also SFN are sprays.
For the Point (iii) we use again the identifications described at the end of the proof of Lemma 7.3.2 and the
construction of the Chern connection (see Subsection 8.2). Recall that in the one hand we have a projection
π¯N : TMN → (TMN ) / (KAN ⊕ (J(KAN )) ≡ TM¯N
which is also a Lie algebra homomorphism relatively to the brackets [ , ]P on TMN and [ , ] on TM¯N .
On the other hand we have NFN = π¯N ◦ NF|TMN . Therefore if we set HMN = HM|MN we obtain
π¯N (HMN ) = HM¯N that is the horizontal bundle in TM¯N associated with NFN .
Now if T˜N is the pullback of TN over the open set M¯N , we have a natural projection of A˜N → T˜N which is
induced by the projection of AN → TN . It follows that we obtain a projection ofTMN×A˜N → TMN×T˜N .
Again since NFN = π¯N ◦NF|TMN , we have vFN = π¯N ◦ vF |TMN . Moreover since π¯N ◦ J|TAN = JN ◦ π¯N , by
restriction toTMN the projection θ = ϑ◦vF : TM→ A˜ induces a projection θN = ϑ◦π¯N◦vF : TMN → T˜N
so that the following diagrams are commutative:
θ
TMN −→ A˜|MN
π¯N
y yp˜N
TM¯N −→ T˜N
θN
̟
HMN |MN −→ A˜|MN
π¯N
y yp˜N
HM¯N −→ T˜N
̟N
(8.18)
where ̟N is the restriction of the natural projection of TM¯N = TM¯N → T˜N to HM¯N .
On the one hand, since L|MˇN = LN ◦ π¯N is the Levi-Civita connection D
H on (HM,M, ρˆ, [ , ]P) (see
Lemma 8.2.1) restricted to the π¯M -projectable section induces clearly the Levi-Civita connection of the
Riemannian metric gHN associated with LN on (HM¯N ,M¯N , Id, [ , ]).
On the other hand, according the Diagrams (8.18) and the all other the properties of π¯N , it is easy to see
that the The Bott connection restricted to π¯N -projectable sections, induces the Bott connection of HM¯N .
Finally since the Chern connection is characterized by ∇X Y˜ = ̟(DX (̟−1(Y˜ )), the previous property of
the Bott connection and the second diagram of (8.18) gives rise to the announced result in Point (iii). 
8.4. Curvature and flag curvature.
The partial Finsler pre-Lie algebroid (A,M, ρ, [ , ]A,F being fixed we simply denote by ∇ its Chern connec-
tion. As classically, the (total) curvature of ∇ is defined by
Φ(X ,Y)(Z˜) = ∇X∇Y Z˜ −∇Y∇X Z˜ −∇[X ,Y]P Z˜
for all X , Y ∈ Ξ(TM) and Z˜ ∈ Ξ(A˜). We can decompose ∇ in ∇H +∇V where ∇HX = ∇XH and ∇
V
X = ∇XV
(see Remark 8.2.1). Therefore we get the following decomposition:
Φ(X ,Y) = ΦHH(X ,Y) + ΦHV (X ,Y) + ΦV H(X ,Y) + ΦV V (X ,Y)
with:
ΦHH(X ,Y) = Φ(XH ,YH) = ∇HX∇
H
Y −∇
H
Y∇
H
X −∇[XH ,YH ]P ;
ΦHV (X ,Y) = Φ(XH ,YV ) = ∇HX∇
V
Y −∇
V
Y∇
H
X −∇[XH ,YV ]P ;
ΦVH(X ,Y) = Φ(X V ,YH) = ∇VX∇
H
Y −∇
H
Y∇
V
X −∇[XV ,YH ]P ;
ΦV V (X ,Y) = Φ(X V ,YV ) = ∇VX∇
V
Y −∇
V
Y∇
V
X −∇[XV ,YV ]P .
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From these definitions, it follows that each of the four components of Φ is a map from Ξ(TM)× Ξ(TM)
in the set of endomorphisms of the bundle A˜ →M. Moreover as in the classical case of a Finsler manifold
we have:
Lemma 8.4.1.
.
ΦHV (X ,Y) = −ΦVH(Y,X );
ΦHH is antisymmetric;
ΦV V ≡ 0.
Proof.
The two first relations are clearly a consequence of the previous definition of ΦV V ΦHV and ΦVH .
For the last part it is sufficient to prove this property locally. Consider the notations introduced in Subsection
8.2 just after Definition 8.2.1. First of all if Z˜ = Z˜αe˜α, for any X ∈ Ξ(TM), we have
∇VX Z˜ = ρˆ(X
V )(Z˜α)e˜α + Z˜α∇
V
X e˜α
From the construction of ∇ we obtain:
∇VX e˜α = ̟ ◦ hF([X
V ,XHα ]P = ̟ ◦ hF [X
V ,Xα]P = 0,
since the bracket of vertical sections is vertical and [Xβ ,Xα]P = 0 this also implies that we get an analogous
result for ∇[XV ,YV ]P .
Therefore we have ∇XV Z˜ = ρˆ(X
V )(Z˜α)e˜α for any vertical section. It follows that we have
ΦV V (X V ,YV )(Z˜) =
(
ρˆ(X V ) ◦ ρˆ(YV )− ρˆ(YV ) ◦ ρˆ(X V )− ρˆ([X V ,YV ]P)
)
(Z˜α)e˜α.
Since ρˆ is a Lie algebra morphism it follows that this last expression is zero.

As usually in Finsler geometry we set{
R = ΦHH (hh−curvature)
P = ΦHV +ΦVH (hv−curvature).
(8.19)
R and P are also called the Riemannian curvature and the Minkowski curvature of the partial Finsler
structure. Therefore R and P are the two components of the total curvature Φ.
Remark 8.4.1.
We consider the local basis {e˜α} of A˜ and {XHα ,Vβ} defined in Subsection 8.2 after Remark 8.2.2. Recall
that we have: ∇XHα e˜β = Γ
γ
αβ e˜γ and ∇Vα e˜β = 0. Therefore by a classical calculus we obtain
R(XHγ ,X
H
δ )e˜α = R
β
αγδ e˜β with R
β
αγδ = ρˆ(X
H
δ )(Γ
β
αγ)− ρˆ(X
H
γ )(Γ
β
αδ) + Γ
β
λγΓ
λ
αδ − Γ
β
λδΓ
λ
αγ
P (XHγ ,Vδ)e˜α = P
β
αγδ e˜β with P
β
αγδ e˜β = −
∂Γβαγ
∂yδ
We now look for the link between the curvature of ∇ and the curvature of all sectional linear connections
defined in Subsection 8.1 and we will also define the flag curvature.
According to the notation of these Subsection, given a section U of M over an open set O in M , we
consider the associated linear connection ∇U . Therefore as classically, we can define the curvature of ∇U
that is:
RU (X,Y )Z = ∇UX∇
U
Y Z −∇
U
Y∇
U
XZ −∇
U
[X,Y ]Z(8.20)
for all sections X,Y and Z of A|O. According to Theorem 8.2.1 and Remark 8.2.2 for any section X,Y of of
A|O we have:
π˜ (R(X ,Y)(x, U(x)) = RU (X,Y )(x)(8.21)
for any x ∈ O any X and Y in Ξ(TM) which projects on X and Y respectively.
Again as in the classical case of a Finsler manifold we have:
Definition 8.4.1.
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(1) An M-flag at x ∈ M is a pair (u,Π) of a point u in the fiber Mx and a 2-dimensional subspace Π
in the fiber Ax which contains u.
(2) The flag curvature of (u,Π) is the quantity:
K(u,Π) =
gF (R(U ,X )u, v)
gF(u, u)gF(v, v)− (gF(u, v))
2
where v belongs to Π so that {u, v} is a basis of Π and U and V are elements of TM such that
πA(U) = u and πA(V) = v.
According to the Relation (8.21) and notations and results in Subsection 8.1 we also have:
K(u,Π) =
gu(R
u(u, v)u, v)
gu(u, u)gu(v, v)− (gu(u, v))
2 .
Of courseK(u,Π) is independent of the choice of v such that {u, v} is a basis of Π. In particular, we can choose
v such that gu(v, v) = 1 and v is orthogonal to u relatively to gu. Then we get K(u,Π) = gu(R
u(u, v)u, v).
We end this subsection with a result which gives a link between the curvature and the curvature flag of
partial Finsler algebroid and the same objects for the induced partial Finsler structure induced on each leaf.
Proposition 8.4.1.
Consider a leaf N of the foliation defined by ρ(A).
(1) Via the projections π¯N : TMN → TM¯N and ρN : AN → TN , the Riemannian curvature R and the
Minkowski curvature P of F induces the the Riemannian curvature RN and the Minkowski curvature
PN of the partial Finsler structure on N defined par FN characterized by
RN (X,Y )Z = ρN ◦R(X ,Y)Z˜ PN (X,Y ) = ρN ◦ P (X ,Y)Z˜
where X and Y are sections of TMN such that π¯N (X ) = X, π¯N (Y) = Y and ı˜N (Z˜) = Z
(2) Consider a flag (u¯, Π¯) at x ∈ N (i.e. u ∈ M¯N and Π¯ a 2-plane in TxN with u¯ ∈ Π¯). Then the flag
curvature of (u¯, Π¯) is given by
KN (u¯, Π¯) = K(u, P )
where ρN (u) = u¯ and Π is a 2-plane in AN such that ρN (P ) = P¯ with u ∈ Π.
Proof. Since R and P are tensorial, it is sufficient to prove Point (1) in some well adapted choice of a
coordinate system and of a basis {eα} of A. We choose the same context used in Remark 8.3.2. In this
case, for α = 1, . . . , q, ρN sends eα on
∂
∂xα
for α = 1, . . . , q, and π¯N sends Xα on
∂
ξα
and Vα on
∂
∂yα
. Then
according to Diagram 8.18 and Remark 8.3.2 and Remark 8.4.1 we obtain:
ρN ◦R(XHγ ,X
H
λ )e˜α = RN (
δ
δxγ
,
δ
δxλ
)
∂
∂xα
,
ρN ◦ P (XHγ ,Vλ)e˜α = PN (
δ
δxγ
H
,
∂
∂yλ
H
)
∂
∂xα
.
This ends the proof of Point (1).
Point (2) is an easy consequence of Point (1). 
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